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. Abstract 

In this paper, we prove the asymptotic stability of the family of solitons of the 
Benjamin-Ono equation in the energy space. The proof is based on a Liouville prop- 
erty for solutions close to the solitons for this equation, in the spirit of [IS], [15]. As a 
corollary of the proofs, we obtain the asymptotic stability of exact multi-solitons. 

> 

oo ' 1 Introduction 

We consider the Benjamin-Ono equation (BO) 

rn 

O " u t + Hu xx + uu x = 0, (t, ijelxl, (1) 

OO ' 

where TL denotes the Hilbert transform 

n n 1 f +Q ° u ^ a 1 v f u ^ A fO\ 
Hu{x) = -p.v. / dy = - km / dy. (2) 

rN \ 7T J^^ y-x it e^o J\y- X \ >£ y - x 

S ' 

Note that with this notation, f u x TLu = f \Dzu\ 2 = \\u\\ 2 1 . 

The Cauchy problem for (T1J is globally well-posed in H s , for any s > (see Tao [25] for 
s > 1 and Ionescu and Kenig [11] for the case s > 0, see also Burq and Planchon [5] for 
the case s > Moreover, for solutions in the energy space Hz the following quantities are 
invariant 

u 2 (t,x)dx = J u 2 (0,x)dx, E(t) = j (u x Hu - |ii 3 ) (t, x)dx = E(0). (3) 

Recall the scaling and translation invariances of equation (T1J 

if u(t, x) is solution then Vc > 0, xq G R, v(t,x) = cu(c 2 t,c(x — xq)) is solution. (4) 

We call soliton any travelling wave solution u(t, x) = Q c {x — xq — ct) , where c > 0, xq £ R, 
and Q c (x) = cQ(cx) solves: 

-HQ' + Q-\Q 2 = 0, QgH^, Q>0. (5) 
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It is known that there is a unique (up to translations) solution of ©, which is 

<aw = r^- «■> 

(see Benjamin [2 J and Amick and Toland pQ for the uniqueness statement). This solution is 
stable (see Bennet et al. [3] and Weinstein [29]) in the following sense. 

Stability of soliton in the energy space (|3j, |29|). There exist C, ao > such that if 
uq 6 H 2 satisfies \\uq — Q\\ i = a < ao then the solution u(t) of ([1]) with u(0) = uq satisfies 

sup inf \\u(t) -Q(--y)\\i <Ca. 

teR ^eR 

See a sketch of proof of this result in Section 15.11 

The main result of this paper is the asymptotic stability of the family of solitons of ([1]). 
Then, we consider the multisoliton case (see Section [5]). 

Theorem 1 (Asymptotic stability of solitons in the energy space). 

There exist C, ao > such that if Uq £ H% satisfies \\uq — Q\\ i = a < ao, then there exists 
c + > with \c + — 1| < Ca and a C 1 function p(t) such that the solution u(t) of with 
u(0) = uo satisfies 

u{t, . + p(t)) Q c + in m weak, \\u(t) - Q c + (. - p(t))\\ L ? {x> ^ -» 0, (7) 
p'(t) c + ast^ +oo. (8) 
The proof of Theorem [1] is based on the following rigidity result. 
Theorem 2 (Nonlinear Liouville property). 

There exist C, ao > such that if uo £ satisfies \\uq — Q\\ i = a < ao and if the solution 
u (t) °f © with u(0) = no satisfies for some function pit) 

Ve > 0, 3A e > 0, s.t Vi e H., / u 2 (t, x + p(t))da; < e, (9) 

^|x|>A e 

i/ien i/iere exisi c\ > 0, x\ E R, smc/i i/tai 

w(t, x) = Q C1 (x — x\ — c\t), \c\ — 1\ + \x\\ < Ca. (10) 

Remark 1. In Theorem^ the convergence of u(t) to Q c + as t — ► +oo is obtained strongly in 
L 2 in the region x > j-. The value is somewhat arbitrary, the result holds for x > et, for 
any e > 0, provided ao = ao(e) > is small enough. Note that this result is optimal in I? 
since u{t) could contain other small (and then slow) solitons and since in general u(t) does 
not go to in 1? for x < 0. For example, if \\u(t) — Q c +(. — p(t))\\^i ^0 as t — > +oo, 

then E{u) = E{Q C +) and f u 2 = f Q 2 + and so by the variational characterization of Q(x) 
(see '29]), u(t) = Q c +(x — xo — c + t) is exactly a soliton. 

Under the assumptions of Theorem^ we expect strong convergence in Hz to be true as 
well in the same local sense (x > et). This could require some more analysis. 

By the methods of this paper, we are able to obtain the following weaker result (Section \4-3\ ) 

r-t+l 

lim / \\u(s, . + p(s)) - Qc+\\ 2 i ds = 0. (11) 
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The proof of Theorem [T] follows the approach of [15] , [16] , concerning the case of the 
generalized KdV equations, where the asymptotic stability of the family of solitons is deduced 
from a Liouville type theorem such as Theorem [2J Moreover, similarly as in [TB], the proof 
of Theorem [2] follows from a Liouville property on the linearized equation around Q, see 
Theorem in Section [3J 

With respect to the gKdV case, there are two main difficulties : (1) L 2 monotonicity type 
results, which are similar to the ones for the gKdV equations ([IS]), but whose proof are more 
subtle due to the nonlocal nature of the (BO) operator (see Section [2]). For this part, we use 
a Kato type identity for (p} (see [9] and [23J ) . 

(2) The proof of the linear Liouville theorem, which requires the analysis of some linear 
operators related to Q. Note that for this part, we use the fact that Q(x) is explicit, and 
some known results about the linearized equation around Q ([3], [29]). We point out that 
except for this part of the analysis, all the arguments are quite flexible and could be applied 
to generalized versions of the (BO)) equation. In particular, we do not use the integrability 
property of the equation. 

As a corollary of the proof of Theorem [1] and of Theorem [21 we obtain stability and asymp- 
totic stability of multisoliton solutions. See Theorem 4 in Section [5] for a precise statement. 
After the paper was finished and submitted, we learned that S. Gustafson, H. Takaoka, and 
T-P. Tsai |10] have obtained independently the stability part of Theorem 4. Note that the 
main result of the present paper, i.e. asymptotic stability of (single or multi-) solitons is not 
addressed in [TP] . 

The rest of the paper is organized as follows. In Section [21 we prove L 2 monotonicity type 
results in the context of Theorem [TJ In Section [3l we state and prove the linear Liouville 
Theorem, which is the main ingredient of the proof of Theorem [2j In Section [H we prove 
Theorems CD and [21 using Sections [2] and [3l Section [5] is devoted to the multisoliton case. In 
Section [6j we prove some weak convergence and well-posedness results used in the proofs. 
Finally, Appendix [A] contains the proof of some technical points. 

Acknowledgments. The first author is partly supported by the NSF grant DMS-0456583. 
This work was initiated when the second author was visiting the University of Chicago. He 
would like to thank the Department of Mathematics for its hospitality. The second author is 
partly supported by the Agence Nationale de la Recherche (ANR ONDENONLIN). 

2 Monotonicity arguments for solutions close to Q 
2.1 Modulation 

Lemma 1 (Choice of translation parameter). There exist C, oq > such that for any < 
a < ao, if u(t) is an solution of ([I]) such that 

ViGR, inf ||„(t)_Q(.-r)|| i < a, (12) 

then there exists p(t) E C 1 (M) such that 

ij(t, x) = u(t, x + p(t)) - Q(x) 
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satisfies 



Vi G R, / Q'(x)rj(t, x)dx = 0, ||r/(t)|| i <Ca, 



if3 

I (13) 



Proof of Lemma d This follows from standard arguments (see e.g. [1], Lemma 4.1, 
Proposition 1 and Lemma 4). 

Time independent arguments. For it E i?2 and y € R, set 

I y {u) = J Q'{x){u{x + y) - Q{x))dx so that ^ |«=o,«=Q = / (Q') 2 > 0. 

Thus, by the implicit function theorem, there exists a± > 0, V a neighborhood of in R and 
a unique C 1 map: 

y : {u E H*, \\u- Q\\ R i < a x } -> V such that I y{u) {u) = 0, \y(u)\ < C\\u - Q\\ H x . 

We uniquely extend the C 1 map y(u) to U ai = {u E if 3 ; inf r \\u{. + r) — Q\\ i < ai} so 
that for all u and r, y(-u) = y{u{. + r)) + r. Then, we set rj u (x) = u(x + y(u)) — Q(x), so that 

JvuQ' = and H^H^i < C\\u - Q\\ H % ■ 

Estimates depending on t. For all t, we define pit) = y{u{t)) and n{t) = rj u r t y To conclude 
the proof of the lemma, we just have to prove the estimate on p'{t) — 1. 

We perform formal computations which can be justified for H^ solutions by density and 
continuous dependence arguments. The function n(t, x) satisfies the following equation: 

rj t = (Crj ~ \n 2 )x + {p' ~ 1)(Q + v)x where Cn = -Hr\ x + ry - Qrj. (14) 
Thus, multiplying the equation of rj by Q' and using J rjQ' = 0, we obtain 



(P ~ 1) 



/ {Q'f - J vQ" 



r,C(Q") - \ \ T] 2 Q", (15) 



which finishes the proof for ao small enough. 

Remark 2. By the proof of Lemma{l\ p{t) depends continuously on u{t) in H? . In particular, 
letu{t) satisfy the assumptions of Lemma{l\with u(0) = uq. Ifu n (0) — > uq in H? as n — > +oo, 
then by continuous dependence (see \1 ij /). we obtain for all t G R, p n {t) — ► pit) as n — > +oo, 
where p n (t) is defined from u n (t) (u n {t) is the solution of (pQ) corresponding to u n (0) = UQ n ). 

Note also that in the proof of LemmaUl we can replace the space H? by L 2 , so that in the 
same context if u n (0) — ► uo in L 2 as n — ► +oo then for all t G R, p n (t) — ► p(t) as n — > +oo 
(see continuous dependence in I? also in /7I]/). 

Finally, for future reference, we justify that if u n — * u in H? weak, then y{u n ) — ► y(tt), 
where y(u) is defined in the proof of Lemma[l\ Indeed, in this proof, by the decay of Q'(x), 
we can also replace H^ by the weighted space L 2 ( j^r dx), so that if u n — > u in Lf oc and 
\\ u n\\L 2 + IMIl 2 — C, then y{u n ) — ► y(it) as n — > +oo. 

In the rest of this section, we present monotonicity arguments on L 2 quantities for both 
u(t) and r)(t), in the context of Lemma [TJ These results are reminiscent of similar results for 
the gKdV equation in [16] and [19] . but due to the nonlocal nature of the operator H, the 
proofs are more involved. 
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2.2 Monotonicity results for u(t) 
Let A > 1 to be chosen later and set 

<p(x) = <pa(z) = ^ + arctan so that <f/(x) = - > °' 

Proposition 1. Lei < A < 1. Under the assumptions of Lemma [TJ /or ao small enough 
and A large enough, there exists C > such that for all Xq > 1, t\ < ti, 

1. Monotonicity on the right of the soliton: 

/C 
u 2 (ti, x)(p(x — p(ti) — A(*2 — h) — xo)dx-\ . (17) 
x 

2. Monotonicity on the left of the soliton: 

/C 
u 2 (ti, x)ip(x- p(ti) + x )dx-\ . (18) 
x 

Proof of Proposition QJ, First, we note that (|18p is a consequence of (|17p and the L 2 norm 
conservation. Indeed, let v(t,x) = u(—t,—x). Then v(t) is a solution of JT|) satisfying the 
assumptions of Lemma Q] and pv(t) = ~p(~t)- Thus, from (fT7|) applied on v(t,x), we deduce 

/C 
u 2 (-ti,x)(f(-x + p(—ti) - X(t 2 - ti) - x )dx H . 

Since <p(x) = tt — <p(—x), from f u 2 {— 1 2 ) = f u 2 (—ti), we obtain 

C f 

u 2 (-t2, x)(p(x — p(—t2) + xo)dx H > / u 2 (— ti, x)(p(x — p(—ti) + X(t2 - h) + xo)dx, 

xo J 

which is exactly formula (|18p for t' 2 = —t\, t^ = —t2- 

We are reduced to prove (|17p . We perform calculations on regular solutions and then 
use density arguments and continuous dependence to obtain the result in the framework of 
Lemma [TJ 

First, we recall a Kato type identity for solutions of the BO equation. By direct compu- 
tations, we have 



1 d 

2 dt 



u 2 (t,x)tp(x)dx = / utwp(x)dx = — {T~iu xx + uu x )wp(x)dx 



J 



1 r (19) 



(7iu x )(wp' (x) + u x (p(x))dx + — J u 3 ip'(x)dx. 



For the first term in (|19p . we prove the following result. 
Lemma 2. For all u G H 1 ( 



(TCu x )uf' \x)dx < I u 2 Lp'(x)dx. (20) 
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Proof of Lemma For / € L 2 (R) , we define the harmonic extension of / on R x R + = M. 2 ^ , 

1 f°° v 

VxGR, F(x,0) = /(x) and F(x,y) = - /(a/)^, if y > 0. (21) 

vr (a; - x') + JT 

In particular, recall that TLf'(x) = d y F(x, 0) (see Stein [21] Chapter III, and the Introduction 
of Toland [26J). 

We denote by <I>(x, y) the harmonic extension of ip'{x) and £/(x, y) the harmonic extension 
of u{x) on R x R_|_. Note that $(x,y) is explicitly given by 

i <22) 

Then, by the Green Formula on (using decay properties of $(x,y) and At/ 2 = 2|VC/| 2 ), 
we obtain formally 

J (Hu x )wp' = J d y U(t, x, 0)U(t, x, 0)*(s, 0)dc = ^ J d y (U 2 )$dx 

See Appendix I A. II for a rigorous proof of (|23|) . Since $ > on R+, we obtain 

y (Wi^JV < ^ J u 2 (H<p"). (24) 
By explicit computations, since 7i ( 14 L a , 2 ) = — , we have 

^^-iirffp ^" = ^ , -2(^) 2 and W<^p'. (25) 

Lemma [2] follows. 

For the second term in (I19p . we have the following. 
Lemma 3. For all u G i? 1 (R), 



{TLu x )u x Lpdx 



C 

< — I u 2 ip'(x)dx. (26) 



Proof of Lemma [3J We prove f)26|) for u smooth and compactly supported in R, the general 
case will follow by a density argument. 

Since the limit in ([2]) holds in L 2 (see Stein [23], Chapter II), we have 

(Hu x )u x (pdx = i J p.v. f y U *^ x dy^j u x (x)(p(x)dx 

-lim [[ u x {y)u x {x)^^-dydx (27) 
it e->oJ J\ y - X \ >£ y-x 

2nJJ Ux ^ Ux ^ — y~3^ — dxc ^ = 2vr yy u (y) u ( x ) K <p( x >y) dxd y' 
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by symmetry and then integration by parts, where 



d 2 



( <p(x) ~ V(y) \ = 2(99(3;) - <p(y)) - ((p'(x) + (f'(y)){x - y) 



dxdy \ x — y J 



(x - y) s 



(28) 



Note that all the integrals in ([27|) make sense since u(x) is compactly supported, {<p(x) - 
ip{y))/{x — y) is bounded and moreover, by subtracting the following two Taylor formulas: 

(p(x) = (p(y) + (x- y)ip'(y) + -{x - y) V'G/) + -\{x - yf(p"' '(xi), 

2 D 

ip(y) = tp(x) + {y- x)ip'{x) + ~(y - x) 2 (p"(x) + ~(y - x) 3 cp'"(x 2 ), 



where xi,X2 G (y,x), we find: 

2 x — y o 
which is also bounded on M 2 . Note also that by explicit computations, we have 

x. \ 2 N 



(29) 



yl 2 



+ 



8(f)' 



1 + 



) 2 (l + (f) 2 ) 2 , 
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We are reduced to prove the following estimate 



u(y)u(x)K lfi (x, y)dxdy 



< 



C 
1 



-2<p'(x) + ^x\v'f 



u ip (x)dx. 



(30) 



(31) 



We consider only the case \y\ < \x\ (by symmetry), and we divide {(x,y), : \y\ < \x\} into 
the following regions: 

• Si = {(x,y) : x > A, < y < § }. For (x,y) G Si, by ([28]) and the fact that iff is 
decreasing on R + , we have 



\K v (x,y)\ < 



sup 9? < -£tp (y) = -7^7^^ (y) < —V 



[x - yy [y>x ] x 2 



A 2 (4 ) 2 



,4 



Thus, by Cauchy-Schwarz inequality, since J V 3 '( a; ) = ^ we obtain 

C 

u(y)u(x)K ip (x, y)dxdy ' 



u(x)\(p' (x)dx J \u(y)\(p' (y)dy 

Cir f 
< ——- / u 2 (x)(p' (x)dx. 



The case of the region Ti 1 = {(x,y) : x < —^4, | < y < 0} is similar. 

• S2 = {(x,y) : x > A, —x < y < 0}. For (x, y) G £2, we have by ([28]) . |x — y| = x — y > 
x > ^(x + A) , tp' (y) > 93' (x) and so by ([28]) and 9? bounded, we obtain 



1^(^)1^(^1)3 



+ 
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For the term — ^ , we argue as for Si. For the other term, by Cauchy-Schwarz' inequality 
and the expression of we have 



i . _ 1 

2 



// KrtlKx),^^ < c (// ^**) ' (// 



1 /■ u 2 (x) , V /l /" u 2 (y) \ 5 C" 



sc iiX >A (^w dI J Uy^FF+V^ s^y«"(«w«)d.. 

The case of S^ = : x < —A, < y < —x} is similar to £2. 

• S3 = {(x, y) : \x\ < A, \y\ < \x\}. For (x, y) G S3, and \s\ < \x\, we have ^4 < f'is) < 4 
and thus, from (f29l) and (i30j) . we obtain \K v (x, y)\ < C supi^uj \<p"'{s)\ < < ^<p' (x)tp' (y). 
We finish as for Si. 

• S4 = {(x,y) : x > A, ^x < y < x}. For (x, y) S S4, and y < s < x, we have from (|5Uj) : 

\<p"'{s)\ < ^{f'(s)) 2 < ^<f'(y)(f'{s) < -^<p'(y)(p'(x) 

thus \K v (x,y)\ < jr(p' (x)ip' (y), and we conclude as for Si. The case of S7 = {(x,y) : x < 
—A, x < y < |} is similar 

In conclusion, we have obtained (|31|) and Lemma [3] is proved. 

From (fl~9j) , Lemmas [2] and [3j there exists Co > such that 



- — y n (t, x)ip(x)dx < — j u (t, x)tp'(x)dx + - / |u (t, (32) 

Now, let be a solution of ([1]) satisfying the assumptions of Lemma Q] on R. Let ?](i), 
p(i) be associated to the decomposition of u(t) on / as in Lemma [TJ 

Let < A < 1, to £ ^2] and xo > 1- For any * £ [ti , io] ? ^ £ t, we set 

x = x — xq — p(t) — X(tQ — t), M^t) = — J u 2 (t, x)ip(x)dx. (33) 

Then, by ^2}, we find 

k® ^ -\ (p'v - A - ^) / «W(so + ^ / k*)iv (*)• 



(34) 



Fix now A > large enoug h so that < i(l - A). Then, by (USD, we choose «o > small 
enoug h so that Vi G /, — A > |(1 — A). Therefore, we obtain 

K® < - ^(1 - ^ / uW® + i J \u(t)\y(x). (35) 
Finally, we estimate the nonlinear term J \u(t)\ 3 (p'(x). We first observe: 

\u(t)\ 3 (p'(x) <C j Q 3 (x-p(t))<p'(x)dx + C J \rj(t,x)\ 3 <p'(x)dx. (36) 
For the first term, we distinguish two regions in x: 
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• Oi = {x : x < p(t) + \xq + \\{to — t)}. For x € 0,%, we have x < —\xq — ^A(to — t), 
and thus 

C 

^' {x) - ( Xo + x(t -t)y 

This implies 



Q\x-p(tW(x) < — £ /q 3 < — £ ™ (37) 



(xo + A(t - t)) 2 7 " (x + A(t -t)) 2 ' 

1™_ l 1 W+_ T7„„ ™ r- O U„,,„ „, ^ 1™_ i 1 



• ^2 = > + 2 x o + 2^(*o ~~ *)}■ F° r x £ we have x — p(t) > tjXo + ~~ t) 

and thus 

Q 3 (x-p(t))< 7 — £ ™ / Q 3 (x-p(t)y(S)dx < ( 



(x + A(t -t)) 6 ' 7n 2 w ' u " (x + A(t -t)) 6 ' 

Now, we claim 

|r?(t, x - ,9(t))|V (x)dx < Ca / ?? 2 (t, x - p{t))ip' (x)dx, (38) 



where C is independent of A. See proof of (|38p in Appendix IA.2I Moreover, as before, we 
find 

r] 2 (t, x - p(t))(p' (x)dx < C j (u 2 (t, x) + Q 2 (x-p(t)))ip'(x)dx 

C 



<C u (t, x)(p'(x)dx + 



(x + A(t -t)) 2 ' 

Thus, it follows from (|35]) - ([38|) that for ao > small enough, Vt G [ti,to], 
<(i) < - J(l - A) / u 2 (iV (x) + Ca / u 2 (%' (2) + ( 



8 y ' J v ' U J wr w (x + A(i -i)) 

1 /" 2m „~ c 



\2 



< - — (1 - A) / u 2 (t)(p'(x) + 



(39) 



Let i G [ii,io]- By integration of ([39]) on [t,to], since 

r° g _ 1 df c (f „ = ± (t _ f/)) 

J t (x + A(to-0) 2 Axoio (l + ff-xo' 1 x [0 )] 

we find: 

/u 2 (to, x)tf(x — xq — p(to))dx + — j j u 2 (t', x)(p'(x — xq — p(t') — X(t — t'))dxdt' 

C Jt J (40) 



't 

C 

< I u 2 (t, x)cp(x — Xq — pit) — A (to — t))dx H . 

x 



By density and continuous dependence ([H]) estimate (jlOj) also holds for H2 solutions. 
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2.3 Monotonicity results for rj(t) 

Here, we present similar monotonicity arguments for rj(t). See for similar results in the 
case of the gKdV equations. 

Proposition 2. Let < A < 1. Under the assumptions of Lemma [7J for ao small enough 
and A large enough, there exists C > such that for all xq > 1, t\ < t2, 

2 



r] (t 2 , x)(ip{x - x ) - <p(-x )) dx 

rt 2 \\w(t)\\ 2 o 

< I rffa, x)(<p(x - A(i 2 - *i) - x Q ) - <p(-x - \(t 2 - h)))dx + C / ) ' ^ dt. 



h (x + A(t 2 - t)) 5 

Remark 3. Wii/i respect to Proposition d we need to modify slighty the function in the 
integral (ip{x — xq) — </?(— xo) instead of ip(x — xq)) to remove some terms in the second 
member, see comments in the proof. This estimate is clearly improving Proposition [7] since 
the remainder term can now be controlled by ^ sup t ||7/(i)|| 2 2- 



As for u(t) in the proof of Proposition [TJ we have by direct computations using (|14p . 
rj 2 (t, x)(p(x)dx = / rjtrj(p(x)dx 



ld_ 

2dt 



1 / m 2,„/ 
2 



'/V 7 

,3, ' 



{£ri){v<p' + Vxf) + rfip' + (pf - 1) (J Q'i]cp 
= J (H Vx ) W ' + J (n Vx ) Vx ip - ~ J V 2 <p' + n 2 (Q^ - Q'ip) + \j rfy 

+ ( P '-i) (| Q'w-h j f<A- 

Let < A < 1 and x = x — xo — A(io — t). Then, by Lemmas [2] and El we get 
j t J vMx) < - (V(i) - A 



(41) 



j y , *?V(*) + / ^W(x)-QV(^))+3 / MV0*0 



+ 2(p'-l) y Q' W {x). 



Now, as in the proof of Proposition [Q we fix A > 1 such that 2 ^- < 1(1 — A) and ao small 
enough so that p' — A > ^(1 — A) by (fl"3j) . Then, by ([38]) and (fl"3j) . we can choose ao > 
small enough so that 

I j MV(x)<~(l-A) | r/ 2 ^(x). 

Thus, we obtain 



| r?V(x) < (1 - A) y 77V (x) + | ?? 2 (Q^(x) - QV(x)) + 2(p' - 1) | Q' W (x). 



At this point, note that the term J rj 2 Q'ip(x) has no sign, and since (p(y) ~ £j as y — > —00, 

this term can only be controlled by ^ a . 0+ ^ _ f ^ / ?7 2 , which is not sufficient for our purposes. 
We modify slightly the functional to cancel the main order of this term. 
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Indeed, since J r\Q' = 0, using (fI3j) . we have 

d 



V Z = 2J Qwx = ~ J Q'r, 2 . 
Therefore, using also J Q'r, = 0, we get 

j t f r, 2 (tp(x) - ip{-xo - X(to - t))) < -~ (1 - A) J r/V (a?) 

+ j\ 2 W&) - Qfiyt?) - <^(-^o - A(t - 1)))) 

+ 2{p' - 1) j riQ'&ix) - tp{-x - A(t„ - t))) - Xip'(-(x + A(f - t))) f rf . 
Now, we claim the following estimate 

Vx e R, Q(x)y/(x) + \Q(x) (<f(x) - <p(-(x + X(t - t))))\ < (42) 
Since 

C 

Q(x)ip'(x) < 



(l + x 2 )(l + (x-x -A(t -t)) 2 ) 
(recall that the value of A has been fixed) estimate (|42p is clear for Q(x)<p'(x) by considering 
the two regions \x\ > ^(xo + X(to — t)) and \x\ < \{xq + A(io — t)). 

For the other term, we first note that since |Q(x)| < and p is bounded, the estimate 
is clear for \x\ > \{xq + A(io — t)). For |x| < \{xq + A(io — t)), we have 

\<p(x) -ip(-x - X(t -t))\ < \x\ sup <p'<- f -wT TTT2; 

[|(«D+A(to-t).|(*o+A(*o-t)] ^° + ~ ^ 

thus, for such x, we obtain the following estimate which finishes the proof of (1420 : 

|Q(aO (p(5)-<p(-a;o-A(*o -*)))| < 



(x + A(t -t)) 2 ' 
By (H3D and (@SJ), and since |Q'(x)| < i^tQ(^), we obtain 

r] 2 (Q(p'(x) - Q'{<p(x) - <p(-xo - A (t - *)))) 
(p' - 1) / Q't/M*) - ^(-x - A(t - *))) 



< 



K gum, (43) 

- (x + A(t -t)) 2 ' 1 j 

c\\m\\» f m 



(so + A(t - *)) 2 y 1 + M 

< 



c\\v(t)\\h 



(44) 



(x + A(t -t)) 2 ' 
The conclusion is thus: 



77' (<p(x) - <f(-(x + A(i - t)))) < -- (1 - A) / r/V(x) + 



dt J ^ v v ~ u ' " v " u 8 V ^ ' v 7 '' r ' (x + A(t -0) 2 ' 

By integration on [t,to], we get 

rj 2 (t ,x) (ip(x - xo) - tp(-xo)) dx + ^ ^ J r, 2 (t' , x)ip' (x - x - X(t - t'))dxdt' 

r r to \\ri(t')\\ 2 ^dt' 

< / ?? 2 (t,x)(^(x-xo-A(to-i))-^(-^o-A(to-t)))^ + C ' " ! < ~ 



t (x + A(t Q - f )) 
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3 Linear Liouville property 

In this section, we prove the following result. 

Theorem 3. Let w G C(R,L 2 (R)) n L°°(R,L 2 (R)) be a solution of 

wt = {Cw) x + P{t)Q' i {t,x) G R 2 , where (3 is continuous, (45) 

satisfying 



Vi G R, J w(t,x)Q(x)dx = j w(t,x)Q'(x)dx = 0, (46) 

f C 

Vi G R, Vxo > 1, / w 2 (t,x)dx < — . (47) 



Then 



w = onM 2 . (48) 

This result is similar to Theorem 3 in [15] . For the proof, we follow the strategy of [13J, 
[18], introducing a dual problem whose operator has better spectral properties. Since w(t) is 
only 1? and has a weak decay at infinity in space, we will need to regularize and localize the 
dual solution. 

For the sake of clarity, we now present the formal argument. The complete justification 
will be presented in Sections 13.11 and 13.21 

Multiplying the equation of w(t) by xw(t), we get 

d 
~dl 



— ! xw 2 = -2 J (Hw)w x - J w 2 + J w 2 (Q - xQ') + 2[3{t) j xQ'w, 



where (J (Q') 2 )P(t) = J wC{Q") (multiply the equation of w by Q' and use f wQ' = 0). But 
it is not clear how to study the spectral properties of the operator 

2 j (Hw)w x + j w 2 - Jw 2 (Q- xQ') + ^ wCQ'^j (^f xQ'w^j . 

Moreover, the decay estimate (|4T|) is not quite enough to control J xw 2 . 

Therefore, we instead rely on the dual problem, setting v = Cw. Since CQ' = (direct 
calculation), we obtain the following equation for v(t): vt = C(v x ). Multiplying the equation 
by xv, we obtain 

~Jt f xv<2 = 2 + f v 2 - J v 2 {Q + xQ'). 

Note that the operator in v is much easier to study since now the potential xQ' has a positive 
contribution (xQ' < 0), moreover, there is no scalar product. In fact, we will obtain (see 
Proposition 2]) the positivity of this operator under the orthogonality condition J* v(xQ)' = 0. 
Observe that / v(xQ)' = f(Cw)(xQ)' = - f wQ = since C{{xQ)') = -Q (see ([ZED )- 
Provided that J \ x\v 2 (t) < C, we would obtain from the above identity 

\\v(t)f \ A dt<C, 

which says that for a subsequence t n — > +oo, v(t n ) — > 0, w{t n ) — > 0. Combined with energy 
conservation {{Cw{t),w{t)) = C) and Lemma [T5l below, this gives w = 0. But (|47p is not 
enough to obtain the estimate f \x\v 2 (t) < C In fact, since w(t) is only in L 2 , we both need 
to localize and regularize the dual problem. 
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3.1 Proof of Theorem [3] assuming positivity of a quadratic form 

Lemma 4 (Regularized dual problem). There exists 70 > such that for any < 7 < 70, 
the following is true. Let v = (1 - -fd 2 x )~ l {Cw). Then, v G C(R, H 1 (R)) n L°° (R, H 1 (R)) and 



1. Equation of v. 

2. Decay of v. 



v t = C(v x ) - 7(1 - jd x ) (2v xx Q' + v x Q" 



Vt eR,x > 1, 
3. Virial type estimate. 



a 



(v 2 x (t,x)+v 2 {t,x))dx < ^. 

\x\>X x 4 



(1 + t 2 )1 



H 



idt < C. 



(49) 
(50) 

(51) 



Proof of Lemma\J^ First, since sup 4 ||«;(i)||£2 < C, we obtain sup t < C 7 (see ClaimQ] 

below). 

1. Equation of v. Let v = Cw so that wt = v x + (3Q 1 ' . Since CQ' = 0, the function v satisfies 
vt = Cwt = C(v x ). Now, we introduce a regularization of the function v. For < 7 < ^ to 
be chosen later small enough, we set: 



v(t, x) = (1 — jd 2 ) v (t, x) or equivalently v — jv xx = v = Cw. 
Then, v(t, x) satisfies the following equation 

v t = (1 - jdly'vt = (1 - jdl)- 1 ^) = C(v x ) - (1 - 7 d 2 x )-\v x Q) + v x Q. 
But -(1 - ydl)- l {v x Q) + v x Q = (1 - 7 a2)- 1 (-27^.Q' - jv x Q"), and so 

1* = C(v x ) - 7(1 - ld 2 x )- 1 (2v xx Q' + v x Q"). 

2. Decay estimate on v. By using the decay on w(t), we claim 

x r 



(52) 



\/xq > l,Vt, 



|a|>a;o 



(^(i,x) + v 2 (i,x))dx < " 



3 ' 

4 




(53) 



(54) 



Indeed, let (xq > 1) 



7T 



h(x) = h xo (x) = <p^/~(x - x Q ) = - + arctan 



2 — :r 

■f arciaii 1 

2 V ^ 

Note that < \h'\ + \ h"\ < Ch. Since i> — jv xx = Cw, multiplying by vh, we have 



1 



v z h + j / vlh 7 / v z h' 



First, from 



wvh 



+ 



wC(vh) = J wD{vh) + J wvh — j Qwvh. 
Qwvh < C\\wvh\\ L 2 \\vvh\\ L 2 



(55) 
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and J w 2 h < J x< eo w 2 h + f x> ^o w 2 < Cjr- (using the definition of h and ([4T]) ) it follows that 



/wvh + / Qwvh < ■^ r \\v\' r h\\ L 2. 
J rr.2 



Second, by Lemma [T4"l we have 



wl 



D(vh) - / D(vVh)Vhw 



C 



< \\w\\v\\vVh\\ L 4 \\D(Vh)\\ L 4 < —\\vVh\\ H i. 



Since 



f D(vVh)Vhw < \\w^/h\\ L 2\\vVh\\ H i and l^v^H^i = f(v% + v 2 )h + 0(±), we 



obtain from ([55 



(v 2 x + v 2 )< l(v 2 + v 2 )h< 



x>xq 



2 i „.2\ 



a 



3 ' 

4 



3. Virial type estimate on v(t). Let | < 6 < ^, B > 1 to be chosen later and set 
^(*) = \ f 9 ^ B * t2 y ^Jv 2 (t,x)dx, z = V^(/\ 



(B + t 2 ) 9 



where g(x) = arctan(x) 



(Cz, z) = -2(C(z x ),xz) = 2 I \D2z\ 2 + / z 2 - \ (xQ' + Q)z 2 
For any < ctq < 1, we claim 



(56) 



21' (t) + 



1 



(B + t 2 ) 9 



(Cz,z) 



< 



O- 



\4h + 



c 



a {B + t 2 ) 



{B + 1 2 ) 

C C i C 



1^11^111,2 



(57) 



(B + t 2 )i "~" H *"'"" ' ( 5 + * 2 ) 
Proof o/ (|57|) . We compute J'(i): 

0* 



Iff!! » (S+i 2 ) 



29 11*111,2 ' 



(s + t 2 ) e +! 7 X5 V(£ + * 2 ) 



v + g 



{B + t 2 ) 9 



vv t . 



First, note that by Cauchy-Schwarz' inequality, for any ctq > 0, 



et 



(B + t 2 ) 9 



+i 



xg 



{B + t 2 ) 6 



< 



CO 



(B + t 2 ) 9 J y \(B + t 2 ) 



+ 



l 2 t 2 



Aa (B + t 2 ) 2 - 9 J \(B + t 2 ) 9 ) y \(B + t 2 ) 



x 



v 2 . 



Since s g'(s) < 1, we obtain 



et 



(B + 1 2 ) 9 



+i 



xg 



(B + t 2 ) 9 



< 



(B + t 2 ) 6 



z 2 + 



ce 2 



MB + t 2 ) 1 - 
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Second, we use the equation of v to compute the term J 9{ rg+tft\o )wt- 



Estimate on A. 



r/( {B l t2)e jv(-nv xx +v x )- j g ^ B * f2)e )Qcc, 



1 



(B + t 2 ) 6 * \(B + t 2 ) 9 J y \(B + t 2 ) 



2 j \(B + t 2 y y \(B + t 2 yj^ 1 y \(B + t 2 y 

Next, 



1 1 



z 2 



(B + t 2 ) 

+ J {HVx)Vx \(B + t 2 )»J 2 (B + t 2 ) 6 
1 ' (£z,z) + Ai + A 2 + A 3 , 



2 (S + 1 2 ) 

where 

* L1 = "(5 + t 2 ) 



A 2 = y (Hv x )v x g 



(B + t 2 ) 6 



111 / ty* \ /ya / ry» 

lit \ I ( \ \ s~\f 2 



Estimate on K\. By Lemma we have 

C i ■ — C 

Estimate on A 2 . Since f (7iv x )v x = 0, Lemma EH applied to A = (B + i 2 ) e gives 



A 2 < — ^ b 



|2 



25 ll^l-L 2 - 



(B + t 2 ) 

Estimate on A3. Since for all y G R, | arctany — ^ a | < Cy 2 , we have, for all x G R, 



(B + t 2 yj (B + t 2 y y \(B + t 2 ) 



< xww\_ < c 1 



(B + t 2 ) 26 - (B + t 2 ) 2d l + \x\' 
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Thus, 

\^\<(bTW* Ml44l2 ' 

Estimate on B. First, we claim the following. 

Claim 1. (i) x(l - 792)" 1 / = (1 - id 2 x )-\xf) - 2 7 (1 - 7^r 2 (f)- 
(ii) ||(1 - jd^f\\ L2 + 7^||(1 - 7^)~ 1 (/ / )IIl 2 + 7ll(l " ldlr\f»)\\L* < C\\f\\^ 

ii(i-7^)- i (r)ib<G 7 ^ii/ii-- 

Proof of Claim [7]. (i) Let h = (1 — r yd 2 )~ 1 f. Then, xh — j(xh)" = xf — 2^h' and so 
xh = (l- 1 d 2 x )- 1 (xf-2 1 (l- 1 d 2 x )- 1 f). ' 

(ii) j |/| 2 = J\h- jh"\ 2 = fh 2 + 2jf (ti) 2 + 7 2 / (/i") 2 , which proves the first estimate. 

Next, ||(1 - ~?d 2 )- l f"\\ L2 < CIK^)/!^ < C 7 -!|||C|5/|U 2 , since V£ 6 R, V 7 > 0, 
jTjjf-ga < 7~ 3 I£I 5 - The claim is proved. 
Using (i) of Claim [H we obtain 

B = -Vi 9( (W ) " (1 -^ r ' H ' 

where 

i? = 2xu OT Q / + xv x Q" - 2 7 (1 - 7 9 2 )- 1 (2^Q' + v x Q") x . 
Since |p(y)| < C\y\, for all y, we have |B| < Tg^gyg IMIl 2 11(1 ~~ 7^x) _1 -^IIl 2 - Now, we use 
Claim Q](ii) to estimate ||(1 - 7<9 2 )- 1 i?|| L 2. We can rewrite H under the form: 

H = (2vxQ')" + (t^)' + vF 2 - 2 7 (1 - 79 2 )- 1 ((2 W g')" + W + ^F 4 ) x , 
where for j = 1, . . . , 4, li^x)] < Cj^. Thus, 

|L 2 

<C 7 -t|KQ'|^i + Cy-*\\vj±3\\ L 2+ 7^||(1 -7^)- 1 ((2«Q / ) /, + (^3) , + ^4)||l 2 
< C^-i II^Q'H^i + Cj-^\\vj^\\ L 2. 
Now, we claim 

hlT^h* < C\\z\\ L 2, \\vxQ'\\ ti i < C\\z\\ Hh . (58) 
The first estimate is clear since T 

-hi < CW- Let f(x) = 1 * Q ' (x J ■ . Then, by Lemma [H 

H^xQOIIl 2 = < +cr||*|U«||D*/ll* < C||z|| h4> 

since H/llioo + ||^/|| X 4 < \\f\\ m < C. 

Thus, 11(1 — 7<9 2 ) -1 .£f ||^2 < C7~4 \\z\\ 1 and in conclusion for the term B: 

M M M M 

B < — TTTS 1 \\V r2. 

' ' ~ (B + t 2 ) 9 " "# 2 11 IIL 



IKi-79 2 )- 1 ^! 



Putting together the above estimates, we obtain (|57p . 
We now claim the following (see proof in Section I3.2p : 
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Proposition 3. There exist A > 0, 70 > and Bq > 1 such that, for < 7 < 70, B > Bq, 

Vt, {Cz(t),z(t)) > X\\z(t)\\ 2 ! , w/iere 2 is as above. 

H 2 

Remark 4. 77ie operator C does not depend on 7 and B, but the orthogonality conditions on 
w imply almost orthogonality conditions on z that depend on 7, B, see proof of Proposition^ 

Choose 9 = I and fix o~q = j. Then, 



By the decay property ([50 



I t> 2 (*)+ , C \^ <c(z\t)+ ( 



For 7 > small enough and B large enough, and by \\v\\ 1 < C, we get 

A 1 1 ,.,n') 



-2/'(t)> 1 »~^" 2 7 



4(i? + *»)«" (5 + t a)i 

Since /(i) is bounded, we obtain by integration 



(5 + t2)9" ^ /"^ 

We claim that ([55]) and ([ST?]) imply 

"+00 ^ 



irf* < C 7 . (59) 



idt < C. (60) 



, (B + t 2 ) eU v 

Indeed, by ([50]) and the expression of g' , and considering the two regions x > 
x < — r , we have 

(B+i 2 )2 



|« - zf m = \\v(l - ^)\\ 2 m < ^-j- = < ^— T . (61) 



(B + t 2 )s« (B + t 2 ) 



2d 



Thus, by I ml 1 < \\z\\ 1 + I \v — z\\ 1 , and rt59 

' J 11 - II 11^2 II ll^^' >l — 



/+OO -y r+oo ^ 

-00 (w Wt <i* £2C W-„ ^pr dt£C 



Using another virial argument, we claim 



(B + t 2 ) en K /n Hi 



2 3 dt<C. (62) 



Proof of ([62]). We set 

1 

2 7 "V(^ + i 2 ) 
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Proceeding as in the proof of (|57p (the equation for v x is very similar to the one for v), we 
obtain 



At) + 



i 



(D^zf 



< 



C 



, , , \V\\ ui \\V\\ til + \\z\\ 3 



Using ||u||ffi < ll^Hjfi + \\v — z\\ H i, (f6T]) and the following estimate 

3 

\\z\\ H i < e\\D2z\\ L 2 + C £ \\z\\ L 2, 
we obtain, for e > small enough, 



-J'(t) > 



1 1 



2(B + t 2 ) 6 



\Dzz\\ 2 L 2+C 



1 



II 2 - 



Since J(t) is bounded and using ([59]) . we obtain (|6"2|) . 

Finally, by ([59]) . ([6T|) and ([62]) . we get (f5Tj) . Lemma H] is proved. 

Lemma 5 (Decay estimate on w(t)). The following hold 

»+oo J 

'|«j(t)|||adt < C, 



OO (l+£ 2 )s 

sup/w^( t ,x)<fe<C. 
teM J 



(63) 



(64) 



Proof of Lemma [3 Estimate (|63p is a consequence of Lemma 0] by comparing v and it). Let 
7 > small. We have by the definition of v: (1 — jd 2 )v = Cw. Let w = (1 — 79 2 .)~4u>. Then, 



w(l - 7^)s« = / 55(1 - 7 ^)-4(£to). 



On the one hand, we have 



< C\\w\\ r.2 lit; 



L 2 IP Hi? 1 • 



On the other hand, as in the proof of Claim [T] 



;i - i%)-i(Cw) - Cw\\ L 2 < ||(1 - 7^)"4 (Q w ) - Q W \\ L2 + \\Q( W - yj)\\ L 2 < 7 3 IMIl 2 - 



Thus, 



w(l — jd 2 ) - (£w,w) 



< C74 ||to| 



L-' 



and since (Cw, w) > ^X\\w\\ 1 for 7 > small enough (this is a consequence of Lemma [T5l and 



the orthogonality conditions on w - see Section T3.2[ in particular the proof of Proposition [3]) , 
we obtain 

w(l- 7 d 2 x )-i(Cw) > \\\wf Hh -Cr±\\w\\ 2 L2 > Xi\\wf L2 . 



In conclusion, we have obtained 
and Lemma U] then implies 



w\\l 2 < d\\v\ 



H 1 
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Now, we prove ([M]) . Indeed, the integrability property ([63]) allows us to obtain the decay 
on w(t,x) by monotonicity properties. 

By the proof of Proposition [21 we have, for any A G (0, 1), for any t , t G (— oo, to], xq > 1, 



w 2 (t , x) (ip(x-x ) - ip(-x )) dx 

r rto \\w(t')\\ 2 9 dt' 

< / w 2 (t, x) Mx-XQ-Xfa-t)) - <p(-x - A(to-t))) dz + C / , | \;" L - 
J Jt {xo + A (t - t 

The last term in ([65]) is treated as follows {xq > 1) 



(65) 



*° IKOII 2 ^' ^ -f r 00 IKOIII^t' 



< CXn 5 



/ t (X + A(t -t')) 2 ° J-oo (l + (t -f))K 

Thus, by ([63]) (applied to w(t + to)) and (|37|) . letting t — > -co in ([65]) . we obtain 

y u; 2 (t ) (<p(a; - x ) - <p( _a; o)) dx < Cx 5 . 
By the change of variable x — * —x, t — * — t, which leaves the equation invariant, we get: 

w 2 (t ) (<p(xq) - ip(x + Xq)) dx < Cx Q 5 , 
and thus, summing up the two estimates, 

J W 2 (t ) ((f(x - Xq) - Lp(x + Xq) + (p(x ) - If(-Xo)) dx < Cx Q 5 . 

We verify easily that for all \x\ > xq > 1, 

if(x - Xq) - if(x + X ) + if(x ) - <p(-Xo) > tp(0) ~ ip(2x ) + ip(x ) ~ (p(—X ) 

> | - arctan(2) > 0. 



(66) 



Thus, for all Xq > 1, 

w 2 (t ) < Cx' 1 . (67) 



'\x\>xo 

By integrating in xq, we obtain the following estimate 



Vt G R, J \x\w 2 {t) < C. (68) 

Thus Lemma [5] is proved. 

Now, we claim that estimate (j64p implies a gain of regularity on w(t). 

Lemma 6 (Gain of regularity on w(t)). Let w G C(R,L 2 (R)) n L°°(R, L 2 (M)) 6e a solution 
of (H5]) satisfying ([ML Then, w(t) G C(R, i?2 (R)) and t/ie following identity holds 

[ xw 2 (t 2 )- [ xw 2 (t 1 ) = - r [ (2\D^w\ 2 + w 2 + w 2 (xQ'-Q)) + 2 I " /3(t) / xQ'u>. (69) 

7 J Jtl J Jt! J 



19 



End of the proof of Theorem assuming Lemma El Note first that multiplying the equation 
of w(t) by Q' and using J wQ' = 0, we find {J(Q') 2 ) /?(*) =Jw£(Q"), so that 

\(3(t)\<C\\w\\ L 2. (70) 

Multiplying the equation of w(t) by Cw and using CQ' = 0, we also have 

Vt 6 R, (£w(t),w(t)) = (Cw(0), w(0)). 

By (|69l) . the estimates on f \x\w 2 (t) and on f3(t), and Lemma EJ we have 

-oo y 

- — -j\\w(t)\\ 2 „idt < a 

X (1 + £ 2 )5 ^ 

This implies that for a sequence t n — * +oo, we have ||ty(t n )|| i — > as n — > +oo. 

Since (Cw(t),w(t)) = ]3mt n -^ 00 (Cw(t n ),w(t n )), we obtain (£u;(i), «;(£)) = and so by the 
orthogonality conditions on w(t) and Lemma \15\ we finally obtain Vi, = 0. 

Proof of Lemma Formally, identity (|69p follows from multiplying equation (|45p by ra, 
integration by parts and properties of the Hilbert transform. To justify ([69]) . we use a regu- 
larization of w(t). 

We set w n = (1 — ic^) -1 ^, so that for all t, w n (t) — ► u>(i) in L 2 (R) as n — ► +oo. Then, 
w ra satisfies the following equation 



W nt 



{Cw n ) x - Ml - ld 2 x )-\2Q'w nx + w n Q") x + (3(1 - idl)- x Q'. (71) 



Let h : R — ► R be a smooth nondecreasing function such that h(x) = x if x > 1 and /i(x) = 
if x < 0. Then, 

J h(x)w 2 = j h(x)(w n - \w nxx ) 2 = J h(x)w 2 - f J w nxx w n h(x) + / w 2 nxx h(x) 
K x ) w l + | / w 2 nx h{x) - \\ w 2 n h"(x) + -o j w 2 nxx h{x) 



implies that 

/ OT ,;<C and / *(.-W-0 as-w+oc. (72) 

Ax) Jx>0 

The same holds true in the region x < 0. 

For the functions u; n , we have the following identity, for any t\ <t2'. 

j xw 2 n {t 2 ) - J xw 2 n (ti) = ~ J t J (2|-D^n| 2 + wl + w 2 n (xQ' - Q)^jdxdt 

+ I {-%x(l-±d 2 x )- 1 (2Q'w nx + w n Q'') x w n )+2 f 2 (3 [ x((l - ±& x )-^Qf)w n dxdt. 
Jt\ J Jti J 

(73) 
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Indeed, multiplying the equation of w n by Ag(%)w n where g(x) = arctan(x), we find 
Ag(i)w 2 n (t 2 ) - [ Ag^wKh) 



= -[ 2 J (2\D*w n \ V(f ) + 2D^ Wn (D^(w n g'(i)) - D^{w n )g'(f)) + 2Dw n w nx Ag{%) 
+ w 2 n g'(i) + w 2 n (Ag(%)Q' - </(§ )Q)) dxdt - 2 jf" /3(i) | x((l - i^)- 1 ^)^^ )«,„ 
~nC J ((1 " ^')~ 1 Q)( 2 Q'^ + tBn^ S (^K. 



Then, (1T3|) is proved using Lemmas l3l and [T4l (see the proof of Lemma [4] for similar arguments) 
and then passing to the limit as A — > +00 applying the Lebesgue convergence theorem. 

From (|75|) . we claim that for any ti,t 2 , 

limsup / \\w n (t)|| 2 xdt < +00. (74) 
Proof of d74j). By Claim [H(i), we have 

i y x(l - i^)- 1 (2Q , Wra + w n Qf') x w n 

= \ J w n (l - ±d 2 x )-\2xQ'w nxx + 3xQ"w nx + xQ^w n ) 

- £ J w n (l - \d 2 x Y 2 {2Q'w nx + w n Q") xx =1 + 11. 

As in the proof of Lemma H] (control of B), we have 

C C 
\V\<—\\w n \\ i\\w n \\ L 2, |II| < — ||w„||| 2 . (75) 

From (fT3j) . ([70]) . the L 2 bounds on and w n (t) and (fT5"j) we obtain 

/ ||^n(i)|| 2 1 dt < C\t 2 - h\ + sup / H r / H^nll 2 ldt. 



For n large enough, we get f* 2 ||u> n (i)|| 2 1 dt < C. Thus (|74l) is proved. 

H ^ 

By the well-posedness of the equation of w(t) in ; we obtain Vt, w(t) G H 2 and w; n — > 
in #2. Finally, from (|72p and (|75p . we obtain (|69p by passing to the limit as n — > 00 in (|73p , 

3.2 Positivity of a quadratic form related to the dual problem 

In this section, we prove Proposition [3j The main ingredient is the following result. 
Proposition 4. There exists Xq > such that for all z £ Hz , 



z(xQY = => (Cz,z) = 2 J \Dh\ 2 + J z 2 - J(xQ' + Q)z 2 > X \\z\\ 2 h i. (76) 
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Proof of Proposition^ First, we introduce some notation. Recall that 

Cf = -Hf + f-Qf. (77) 

We define S = (xQ)' . Note that S = -^Qc\ c =i and thus by differentiating the equation of Q c 
with respect to c, and taking c = 1, we find CS = —Q. Observe also that CQ = —TLQ' + Q — 
Q 2 = -\Q 2 , by the equation of Q. Now, we set T = S-Q. Then, CT = -Q + \Q 2 = (xQ)' = 
S, by using the explicit expression Q(x) = j^z- We compute J TS = J S 2 — J QS. Since 

S = HQ' = \Q 2 -Q (explicit computation), we have / S 2 = f (Q') 2 and (Q') 2 = = 

Q 3 ~ \Q\ thus J(Q') 2 = JQ 3 - IJQ 4 = J S 2 = J(iQ 2 - Q) 2 = \ J Q 4 - / Q 3 + / Q 2 , 
we find / S 2 = \ J Q 2 . Moreover, / SQ = - J xQQ' = ±JQ 2 , and so fTS = 0. Finally, 
JTQ = -JTCS = -JS 2 . 

In conclusion, we have proved ((., .) denotes the L 2 scalar product): 



S = \Q 2 - Q = (xQ)', T = S-Q, CQ = -\Q 2 , CS = -Q, CT = S, 
(S,Q) = ± J Q 2 , (S,T) = 0, (T,Q) = -f S 2 . 



(78) 



Now, we claim the following. 



Lemma 7. There exists A > such that, for all e > 0, if J wS £ = 0, where S £ = S + eQ, 
then (Cw,w) > and (Cw,w) > A||u>|' 2 



i • 



Proof of Lemma\2\ Let T £ = T — eS and S £ = S + eQ, then by ([75]) : CT £ = S £ and 

(CT £ , T £ ) = (S £ , T £ ) = (S, T) + e(-(S, S) + (T, Q)) - e 2 (S, Q) < -2e(S, S) < 0. 

Moreover, it is clear that if /o, Ao denote respectively the first eigenfunction and first eigen- 
value of C (see Lemma [T5]) we have (S,fo) = (CT, fo) = (T,Cfo) = Xq(xQ' , /q) ^ 0, since 
fo > 0. Thus, by Lemma E.l in [27J, we obtain the first part of Lemma [7J 
Now, we note that since xQ' > 0, 



(Cw, w) = 2 J \D^w\ 2 + f w 2 - J (xQ' + Q)w 2 

> 2 j \D^w\ 2 + [ w 2 - J Qw 2 = J \D^w\ 2 + (Cw,w). 



(79) 



Using the inequality ||w|| 2 4 < C||«;[|£2 \\D ?w \\ L 2 (see (|133p ) and Cauchy-Schwarz' inequality, 
we have, for some constant Co > 0, 

Qw 2 < C\\w 2 \\ L 2 < C [ \D^w\ 2 + I [ w 2 . 



2 



Thus, for 5q > such that 2 — Cq5q > 1 — ^, we have 



(Cw, w)>(2- C 6 ) J iD^wl 2 + (1 - i(5 ) J w 2 - (1 - 5 



Qw 2 



>(l-5 )(Cw,w) + 5 f\\w\\ 2 Hh > 5 f\\w\\ 2 Hh , 



provided f wS £ = 0. 
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Now, we finish the proof of Proposition [JJ Let z G H a be such that f zS = f z(xQ)' = 0. 
Let it; = 2 + aQ, where f wS £ = 0, < e < Eq, where Eq is to be chosen small enough. In 
particular, we have 

j wS £ = j zS £ + a j QS £ = e j zQ + a j SQ + ae j Q 2 = e j zQ + a(\ + e) J Q 2 = 0, 



and so Id < 



L- 



e||z||^2, and ||w>||x,2 < 2||z||^2 for eq small enough. Similarly, we have 



\z\\l 2 — 2 1| w \\l2, by possibly choosing a smaller eq. By Lemma [3 we obtain 
A„ 



i < MH\ i < w) = (£2, 2) + a 2 (CQ, Q) + 2a(£Q, z) 



H2 



For e small, we get (Cz, z) > 4 1 



H? 



Now, we are in a position to prove Proposition [3l 
Proof of Proposition In Proposition [3l we want to prove that for B large and 7 small, and 



for some Ai > 0, for all t, (Cz(t),z(t)) > Ai||z(i)||^i , for z{t) = v(t) J g ( jg^jzjz ) , where 

v = (1 — r yd 2 )~ 1 (Cw). Formally, if B = +00 and 7 = 0, we have z(t) = v(t) = Cw and 
= J wQ = — j wCS = — j zS, and the result follows from Proposition [H Now, we justify 
that the result persists for large values of B and small values of 7. 

Let 5 B)7 (t) = (g'ijs^TkS-lS"). Then, C((l- 1 d 2 x )- 1 (^g'( w ^)S B ^t)) = -Q 

and so J SB^it)z = — J wQ = 0. Now, we control SB,-y(t) — S: 



SB,j(t) — S 



1 1 x . 



-(S- 1 S")-S 



1 I g__ 

1_l "(s+t 2 ) 



l)5'-7 A /l+( S f^5' // . 



Thus, by elementary estimates and the expression of S, we obtain: 

1 



\S B „(t,x)-S(x)\ < (B-2+j) 



1 + \x\ 



It follows that 



Sz(t) 



(S - S B ,y(t))z(t) 



< (S-f + 7 )||z|| L 2. 



Setting z = Z\ + aQ, where J z\S = and |a| < (f?" + 'y) II II x, 2 ? we conclude the proof of 
Proposition [3] as at the end of the proof of Proposition 01 for B large enough and 7 small 
enough. 



4 Proof of asymptotic stability - Theorem [T] 

In this section, we first prove that Theorem [2] implies Theorem [H Then, we prove that 
Theorem [3] (proved in Section [3|) implies Theorem [2j 



4.1 Proof of Theorem [T] assuming Theorem [2] 

We follow the strategy of [15] , [16] , the main idea being to use monotonicity type arguments 
(such as Proposition [1]) to prove that a limiting solution of ([1]) has uniform decay in space. 
See also |17] for similar use of monotonicity arguments. 
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We consider a solution u(t) of ([T]) in Hz which satisfies ||ko — Q\\ i = a < ao, for oq > 
small enough. By the stability property, for all t G R, inf^ \\u(t) — Q(. — y)\\ 1 < Ca. 

Decomposition of u(t) around the asymptotic soliton. First, we determine the parameter 
c + > 0. It is given by the amount of L 2 norm that remains on the region x > 4^ asymptotically 
as t — > +oo. Let (p be as in (|16p . with ^4 > 1 so that Proposition [1] holds. Let 

limsup / u 2 (t, x)(p(x — j^)dx. (80) 



t— >+oo 



From the stability property, |c + — 1| < Cao (hm +00 93 = 7r). Using Lemma Q] to decompose 
it(i) around Q c +, we consider the following decomposition of u(t) 



u(t, x) = Q c + (x - p(t)) + n(t, x - p(t)), 

[ / ( 81 ) 
/ Q c +r}(t,x)dx = 0, sup||?7(t)|| H ] 



.1 < KaQ. 



In what follows, we consider ao > small enough, so that the following holds (by (|13p ): 

99 . 101 99 ,101 

Vt, < n'(t) < , < c+ < . (82 

' 100~ PW ~ 100 100 - - 100 y J 

2. Monotonicity arguments. We claim the following estimates: 
Lemma 8 (Asymptotics on u{t)). 

/C 
u 2 (t,x)f(x — yo — p(t))dx < — , (83) 
Uo 

/C 
u 2 (t, x){tp{x - pit) + 4) - f(x - p(t) + y ))dx < — , (84) 

t hrn^ J u 2 (t, x)(<p(x - p(t) + §t) - ip(x - p(t) + ±))dx = 0, (85) 

t lim J u 2 (t,x)(p(x - p(t) + ±)dx = c + vr J Q 2 . (86) 

Proof of Lemma\^ Monotonicity property on the right of the soliton. By (jTTJ) , with A = I, 
we have, for all yo > 1, 

/ u 2 (t, x)(p(x - 2/0 - p(t))dx < [ u 2 (0, x)<p(x - yo- p(0) - ht)dx + — . 
J J yo 

Since limt_ + + o / u 2 (0, x)tp(x — yo — p(0) — ^t)dx = 0, we obtain ([8"3"|) . 

Monotonicity property on the left of the soliton. By (JTHJ) , with A = ^ and xo = ^t' : we 
have for all < t' < t, 

J u 2 (t, x)<p(x - p(t) + 7%t)dx < J u 2 (t f , x)ip(x - pit') + $t')dx + — . 
It follows that f u 2 (t, x)tp(x — p(t) + ^t)dx has a limit as t —* +00. Set 

£ = t Urn / n 2 (t, x)ip(x - p(t) + ±§t)dx, I > c + vr / Q 2 . 
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Applying (JTHD with A = - j^) < 1 and x = j^, we find 

f C 

u 2 (t, x)ip(x - p(t) + §t)dx < I u 2 (^,x)(p(x - p(^) + j^o)dx + —. 



Since 



limsup / u 2 (j^,x)(f(x - p( T § ) + j$j$o)dx < c+vr / Q 2 



we obtain c + ir J Q 2 = I and (f85|) . 

Fix yo > 1 5 pick A = \. Consider t 2 > t and define t\ = |t 2 + 2yo, so that for t large, 
fi < t 2 . But then, by (fT8|) . 

« 2 (i 2 , - p(t 2 ) + ||) da; = / u 2 (t2,x)f(x - p(t 2 ) + X(t 2 - t 2 ) + yo)dx 



/C 
u 2 (t 1 ,x)ip(x - p{ti) + y )dx H . 
2/0 

In light of (|85p and the existence of £, (|84p follows. Thus Lemma [8] is proved. 

3. Construction of a compact limit object. Let t n — > +oo. By the uniform bound on u(t) in 
Hz, there exist uo £ H? and a subsequence, still denoted by (t n ), such that 

w(£ n , . + p(t n )) — no in 2 weak as n — > +00. 

Consider -u(i) the global Hz solution of (pQ) such that 5(0) = uq. By (fSTI) . ||5o — Q c +ll ^ C* a o 
and thus by the stability property, sup t inf„ \\u(t) — Q(. — y)\\ 1 < Cao. Let p(t), rj(t) 
correspond to the decomposition of u(t) around Q c + given by Lemma [TJ 
By Theorem [5] below and Remark [2j for all t € M, we have 

u(t n + 1, . + p{t n )) — ^ u(t) in Hz weak, 
p(t n + t) - p(t n ) — > /?(£) as n — ► +00. 

From weak convergence and Lemma [HJ we claim the following decay estimate on u{t): 

f C 
Vy > l,Vt el, / n 2 (t,x + p(t))da; < — . (87) 
J|x| >3 / J/o 

Indeed, first, from (f83|) . for any fixed yo > 1> * £ we have 

/C 
u 2 {t + t n ,x + p(t n ))ip(x - p(t n + t) + p{t n ) - y )dx < — , 
2/0 

and so by weak convergence 

C 

u 2 (t, x)(f(x — pit) — yo)dx < — . 

2/0 

Second, from (I51D. for fixed t € R, 



/C 
u 2 (i+i n , ar+p(t n ))(y)(a;-p(t n +t)+p(t n ) + ^)-¥?(a;-p(t n +t)+p(t n )+yo))da; < — . 
2/0 
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Note that for fixed t, yo, we have 



urn ip(x - p(t n + t)+ p(t n ) + -^q 2 -) - (f(x - p(t n +t)+ p{t n ) +y ) =ir - ip(x - p{t) + y Q ) 



n—*+oo 



ip(-x + p(t) -y ). 



Thus, we obtain 
Finally, from 



u 2 (t, x)tp(—x + p(t) - yo)dx < 



, for any yo > 1, we have 



C_ 

yo 



lim 

n— >+oo 



u 2 (t n , x){ip{x - p{t n ) + yo) - <p(x - p(t n ) - yo))dx - c + ir / Q 



< 



C_ 

yo' 



Thus, by Lf oc convergence, for any yo > 1, 



ul(x)(ip(x + y ) - (p(x - yo))dx - c+vr / Q 



< 



C_ 

yo 

Passing to the limit yo — * +00, we obtain ||5o||l 2 = II^WIIz, 2 = V / c~H|Q||l 2 = ||(5 c +IIl 2 - 

4- Conclusion by Theorem^ From Theorem [U it follows that for some c\ close to c + and x\ 
close to 0, we have 

u(t, x) = Q Cl (x — xi — c\t). 

But ||5(t)||i2 = ||Q c +||l2 implies that c\ = c + . Moreover, p(0) = and 5(0) = Q c +(x — x\) = 
Q c +{x) +7/(0, x) where X\ is small and f rj(0)Q' c+ = imply x\ = 0. In conclusion, u = Q c +- 
By a standard argument and (f83j) . ([86]) . we have obtained 



u(t, . + p(t)) — 1 Q c + in Hz weak as t — > +00, 



lim 

t— >+oo 



/ |n(t,x) - Q c+ (x - p(t))| 2 dx = 0. 



Thus Theorem [TJ is a consequence of Theorem [2j 
4.2 Proof of Theorem El 

First, we note that it is sufficient to prove Theorem[2]in the case J Uq = J Q 2 . Indeed, for no 
satisfying the assumptions of Theorem^ set c\ = J u\j f Q 2 and u(t) = ^u(-^t, —x). Then, 

\c\ — 1| < Cao and u satisfies ([T]), f u 2 = f Q 2 and \\uo — Q\\ 1 < Cao. Thus, by the stability 
property - see Introduction - for all t, there exists y(t) such that sup 4 \\u(t) — Q(. — y(t))\\ 1 < 
C'ao- Moreover, u(t) also satisfies ([9]). If we prove u(t,x) = Q(x — t — xo), with \xq\ < Cao, 
the result follows for u(t). 

The proof of Theorem [2] is by contradiction. Assume that there exists a sequence u n (t) of 
H2 solutions of such that 

sup \\u n (t) - Q{. - p n {t))\\ L i as n -> +00, 



u 2 n (0) = / Q 



Tin ^ 0, 



Vn, Ve > 0, 3A„ i£ > 0, s.t. Vi G R, / u 2 (i, x + p n {t))dx < e, 

J\x\>A n ,e 



(90) 
(91) 
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where p n (t) and rj n (t) are defined from u n (t) by Lemma [TJ Note that f u^(0) = f Q 2 implies 

Vn,Vt, [ V l(t) = -2 [ r) n (t)Q. (92) 



Define 

^ b n = sup ||f7n(i)IU 2 - ► as n — > +oo. (93) 

i 

Then, there exists t n such that ||^n(*n)||L 2 — \b n . We set 



2 l 

T] n (t n +t,x) 
bn 

For such a sequence w n , we claim the following result. 



w n (t,x) 



Proposition 5 (Weak convergence of the sequence of renormalized solutions). 

There exists (w n >) a subsequence of (w n ) and w £ C(R, L 2 (R)) D L°°(R, L 2 (R)) such that 

Vi G R, w n '(t) w(t) in L 2 weak as n — > +oo. 
Moreover, w(t) satisfies for some continuous function (3{t): 

w t = (Cw) x + /3(t)Q' on R x R, 
w (0) / o, J W Q = J wQ' = 0, 



Vt€R,Vx >l, / w 2 (t,x)dx< — 

J\x\>x t) x 



\x\>xo 

Proposition [5] is in contradiction with Theorem [3j Thus, for a® > small, for 
satisfying the assumptions of Theorem [21 we have n = so that p'(t) = 1 (by Lemma [1]) and 
u(t, x) = Q(x - p(0) - t), with 1/9(0)1 < Ca . 

Therefore, we are reduced to prove Proposition [5j 

Proof of Proposition^ One can actually prove a strong L 2 convergence result. See the end 
of the proof. 

Note that the main point in Proposition [5] is the fact For this, we need to obtain 

a strong convergence in 1? for some suitable t. 

Decay estimate. From Proposition [21 we have 



J Vl(t0,x)((p(x - Xq) - (p(-X Q ))dx 



/Cb 2 
r) 2 (t, x)((p(x -x - X(t - t)) - (f{-x - X(t - t)))dx H -. 

Letting t — > — oo and using (f9Tj) . we obtain, for any xq > 1, 



/Cb 2 
vl(to,x)(<p(x - x ) - ip{-x ))dx < — -. 
X 
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Similarly, arguing on r] n (—t, —x), for any xq > 1, 



r]l(t ,x)((p(x ) - (f(x + x ))dx < 
which gives, by (I66p . similarly as in the proof of ([670 : 

1,2 



Xq 



Vxq > 1, 



|x|>a;Q 



Co 1 

rj 2 ,(t,x)dx < — - and 

Xq 



\x\>x 



2 / \ 

to n (£, x)dx < — . 

X 



(94) 



Local smoothing estimate on w n . Let (p be defined in (|16p for a fixed value of j4 (j4 = 1 for 
example). Then, 

\D^(w n (t,x)v / <p'(x))\ 2 dxdt < C. (95) 



Proof of (I95p . First, we claim the following estimate: 

i d r 2 



, /; ; < ~ 1 |D*(ffcvW + C f rf n <- l -l \D l 2( Vn ^)\ 2 + C#. (96) 
Thus, by integration, 

VtGR, jf J \D2( VnV ^)\ 2 dxdt<Cb 2 n and y J \Di (w nV ^)\ 2 dxdt < C. (97) 

Now, we justify ([96]) . Using direct computations, Lemma El ([13]) and then | J r}^(p'\ < 
C/|r/| 3 < CJV (by ([133])), we get 



1 d 
2df 



^ = " / (£Vn ~ lvl)(VnxV> + VnV') + (p' n ~ 1) / QW ~ gO^ ~ 1 ■) / ' ifrr 



((Kr] nx )r) nx Lp + (Hr) nx )ri n (p') - ^j rfcy' + - y rjl(-Q'<p + Qcp') 
+ 3 / + ~ X ) / ~ 2^' n ~ ^ / ^ 



< y (Hri^rjnip' + C JVn 



Using (|135|) and then f)133|) . we have 



(Hrjux^ntp' = / 7]nD(?] n ip') = / rj n y^p' £>(??„ yV) + / r? n (^D(r] n ip') - y/^D(r] n y/ip')j 



lL2 



(98) 



(Note that we have used [l-OV^Hi^ < +00.) Thus ([96]) is proved. 
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Compactness in L 2 for some time. From the equation of r\ n and (|13p . it follows that 

~J t \ ^ = ~\\ Q'^n + (Pn ~ 1) f Q'Vn and so ^ j r]l <C Q j r? 2 . 
In particular, by the definition of t n , Vi G [0, 1], J f^(i + i n ) > e""'^ 2 and so 

We [0,1], \\w n (t)\\ L 2 > e~^ c ° = 5 > 0. (99) 

It follows from (|95j) that for all n, there exists T n G [0, 1] such that J |L>2 (^(r,,,)-^/^ 7 )! 2 < 
C. Thus, there exists a subsequence of (w ri ) (still denoted by (w n )) and so G [0, 1], W G 
such that 

w n (T n )\ftp' W in ii~2 weak, r„ — > sq as n — > +oo. 
But (by possibly extracting a further subsequence), there exists w SQ G L 2 such that 

Tn sq, w n (T n ) — 1 w so in L 2 weak as in +oo. 
It follows that W = WgpV^ 7 . Since > on R, we get 

i» n (r n ) -> w SQ in Lf oc as re ^ +oo. 
By ([M} and ®, we finally get 

^n(T„) -> w So in L 2 as n ->■ +oo, J w So Q' = 0, it; So / 0. (100) 

Note also that from (|92[) and J ^ n Q' = 0, we have 

y ^ S0 Q = J w S0 Q' = 0. (101) 

Weak convergence for all time. Consider w(t) G C(R,L 2 (R)) the unique solution of 

wt = {Cw) x on R x R, w(so) = w SQ , on R. 

(It is clear by a standard energy estimate and regularization arguments that the corresponding 
Cauchy problem is well-posed in L 2 ). 

Now, to obtain weak convergence, we need to remove some terms from the equation of 
w n , following some arguments in [IS], Lemma 8 and beginning of proof of Lemma 11. We 
write 

w nt = (£w n - \w 2 n ) x + \ (p' n - 1)(Q + b n w n ) x 

On 



where 



Pn 



(Cw n ) x - \{w 2 n ) x + (5 n Q' + b n F' n + b n f3 n (w n ) x , 



w n C(Q"), p n = - 1), F n = hp n - p n )Q. 

On n 



HQ') 2 

Set w n (t) = w n (t) — Q' P n (s)ds. Then, the equation of w n {t) writes 

W nt = {£w n )x - \{w n )x + b n K + b n P n {w n ) x + b n PnQ" / Pn(s)ds. 



Tn 



We claim the following weak convergence result. 
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Lemma 9. For all 

w n (t) — u>(t) in L 2 weak. 



Pn(t) —> f3(t) = tttW / w£(Q"), I p n (s)ds^ I (3(s)ds. 



Tn •> SO 



Assuming this lemma, from (|15p . we have, for all t, 

r-t rt 

/ n~,nn"\ I 

HQ' 

Set w(t) = w(t) + Q' f* (3{s)ds. Then, w(t) solves 

w t = (Cw) x + f3Q', 

and w(so) = w So ^ 0. Moreover, for all t £ M, 

w n (t) — u>(t) in L 2 weak. 

Finally, from (i92j) and J rj n Q' = 0, we have J w(t)Q = J w(t)Q' = 0, and by weak convergence 
and (IM1). we have 



f C 
Vxq > l,Vi, / w 2 (t,x)dx < — . 

Thus, we are reduced to prove Lemma [9j 
Proof of Lemma 0. Set 

1 ~ ~ /** 

Gl,n = G 2 ,n = F n + (3 n W n + f3 n Q' fin(s)ds, G n = Gi, n + G 2 ,n- 

Observe that 

II^i^IIl 1 + l|G ? 2,n ||z,2 < C(i), with C(i) bounded on bounded intervals. 
Let T G R. By sup t ||ifn(i)||L2 < C and the expression of w n , we have sup[_ TT ] ll^n(i)||L 2 < 
Let g € Co°(]R) and let v solve the problem 

J d t v = C{v x ) 
\ v\t=T = 9- 

Then 

J (w n - w)(T)g(x)dx - j (w n (r n ) - w(T n ))v(T n )dx = j j d t ((w n - w)(t)v(t, x))dxdt 
/ {{Cw n ) x - {Cw) x + b n (G n ) x )v(t,x) + (w n - w){Cv) x dxdt 

Tn J 

= -b n / / G n v x (t,x)dxdt. 

J T n J 

The energy method gives 

\\ v \\L°°([Tn,T],L 2 (R)) + \\ v x\\l°°([t„,T]xM.) + \\ v x\\L°°([T n ,T],L 2 (M)) - G. 
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Moreover, by continuity of 1 1— > in L 2 , 
lim / (w n (T n ) - w{T n ))v{T n )dx 

lim / {w n {j n ) - w(so))v{j n )dx + lim / (w(s ) - w(T n ))v(T n )dx = 0. 



n— >+oo 



n— >+oo / n— >+oo 



Thus, 

w n (T) — as n — > +00. 
and the proof of Lemma [9] is concluded. 

Alternate proof by strong I? convergence for all time. Now, we use Theorem O in Section [H] 
to prove strong L 2 convergence of the sequence (w n (t)) for all t. 
Let T > 0. Set 

C„(t, x) = w n (t, x - p n (t) + pn(0)) + — [Q(x - (p n (t) - p n (0))) - Q(x - t)], (102) 

On 

so that 

u n (t, x + p„(0)) = Q(x - p n (t) + p„(0)) + b n w n (t, x - p n {t) + p n (0)) = Q(x - 1) + 6 n Cn(*, x), 
and Cn satisfies 

(C»)t = (-H(Cn)a, " Q(x-t)( n ) x - y (C^)x, 

IIC™ (*) Uls <Ct, Vte[-T,T]. 
Indeed, since \p' n (t) — 1| < C||7/ n || i 2 < C6 n , we have 

\ P n{t) ~ Pn(0) ~ t\ <Cb n \t\, (103) 

and the estimate on follows. 

On the one hand, Theorem [6] applied to for n large enough (so that b n is small 

enough) implies that t £ [—T,T] ^ Cn(t) G L 2 is equicontinuous in n. 

On the other hand, from (|95p . we have 

2 



J D2( Cn (t,x) v vM) 

-T,T] , ' 

and the decay property (|94p also holds for £(t) on [— T, T] with constant depending on T. In 
particular, there exists iV C [-T, T] of zero Lebesgue measure such that for all t £ [-T, T]\N, 
J |Z?2 (£ n (i, x) (/9 ; (x))| 2 (ix(it < +00. Now, we choose a dense and countable subset I of [— T, T] 
such that for all t £ I, J \D%(£ n (t, x) ip' {x))\ 2 dxdt < +00. Arguing as in the proof of (|100p . 
and using a diagonal argument, there exists a subsequence of (£ n ) which we will still denote by 
(Cn) such that for any t £ I, ( n (t) — > i* 1 ^ 2 strong as n — ► +00. Using the equicontinuity, 
we obtain 

Vt G [-r, T], Cn(t) -> C(*) in £ 2 strong as n -► +00. (104) 
By ()103p and \p' n — 1| < C6 n , we may also assume that for the same subsequence 

ViG[-T,T], -L( Pn (t)- Pn (0)-t)^ K (t). (105) 

On 

Now, we deduce from (fT02]h (fT04"|) and (fT05|) that 

Vt G [— T, T], w n (t) — > w(t) = 7](t, . + t) + n(t)Q in L 2 strong asn-> +00. 
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4.3 Proof of Remark [TJ 

Let u(t) be a solution satisfying the assumptions of Theorem [TJ Let c + , p(t) and rj(t) be 
defined as in the proof of Theorem [TJ In particular, by (|88p . we have 



lim 



\rj(t,x)\ 2 dx = 0. 



(106) 



To prove (fTTj) . we use the identity (|4T1) on r), where cp = l| + arctan(-j), A > 1 large enough 
be to defined later: 



2dt 



J V 2 V = J (HrixW + J {HriJw --J r?<f? + r? 2 (-QV + Qf') 
+ \f rfv' + (j/ -I) J Q'w ~ \{P ~ 1) J r,\'. 
We claim that for A large enough and ao small enough, for C > independent of A, 

•2 



55/'<W (7W+c /t 



+ x 



2 ' 



(107) 



Indeed, by LemmaEJ we have J (7ir) x )rj x ip < ^ J r] 2 p' . By the definition of Q, J rj 2 (—Q'<p + 



Q<f') < C J jq^. By ([MI) (note that the constant in (J3S|) is independent of A) \f ryV 1 
CctQ J ri 2 (p'. Finally, the last two terms are controlled using (fT3|) . so that (|107j) is proved for 
A large enough, ao small enough. 
Now, we use ([98]) on 77. We obtain 



< 



1 d /" 
2di J ' 



1 + x 2 ' 



(108) 



Note that for A > 1, we have < CV on R. Let to > 0- Integrating the above estimate 
on [t , to + 1], we get 

/ \D~HvV^)\ 2 dt <C sup (/ r? 2 (tV + C\\ n ^\\ L 4D^p~'\\ L ,\ . 
J t J t<=[t ,t +i] \J J 

On the other hand, by (|135p . we have 

J \D^T]\ 2 (p'<2 J |L>^(r/yV)| 2 + 2 J \{D^rj) - Dl{r)^ftp')\ 2 

<2 J \D^(7]y^)\ 2 + C\\rj\\ 2 L4 \\D^y/^\\ 2 L4 < 2 / (i?^^)! 2 + C\\D^ v^IlL- 

Thus, we obtain 
rto+1 



/ ° / |D3t;| V* < C sup C / 
A «/ te[t ,to+i] Vj 



We have H-D^v^ll 2 ^ ^ || j D- v /^ 7 ||l 4 < C^ - ^ and H^vVIIl 4 < II^IIl* II\ / ^ 7 ||ls < CA~ 

Therefore, 



to+l 



to 



. 1 . .,0 cfedt 

J-t^/ te[t ,to+i] 



r? 2 (t)(^ + C7L 
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We now choose A depending on t^: 



A = At = min 



sup 

.te[t ,*o+i] Jx>±-p(t) 



r] 2 (t, x)dx 



For this choice of A to , we have lim t() ^ +00 A to = +00 and, since — p(t) < — |, 



^4 sup 

*e[*o,*o+ 



f / " 2 (^ < sup ( / 

1] w / fe[to,to+l] V^-ife 



to 



so that linijQ^-i-oo 

^ su Pte[t ,to+i] (/ rf&v) = 0. It follows that 



lim 



t +l 



\D2r](t,x) 



dxdt 
1 + x 2 



5 Multi-soliton case 

Using the previous arguments and the strategy of [20] for the gKdV equation, we obtain the 
following result concerning multi-soliton solutions of ([I]). 

Theorem 4 (Asymptotic stability of a sum of decoupled solitons). 

Let N > 1 and < c\ < . . . < c° N . There exist Lq > 0, Aq > and oq > such that if 
uq G iJ3 satisfies for some < a < oq, L > Lq, 



N 



u -^2Q C °X--Vj] 



3=1 



i < a where Vj G {2, . . . , iV}, j# - > L, (109) 



#2 



and if u{t) is the solution of ([I]) corresponding to u(0) = uq, then there exist pi(t), . . . , pjv(t) 
such that the following hold 



(a) Stability of the sum of N decoupled solitons. 

N 



vt > 0, 



<t)-J2Qc°Xx-Pj(t)) 



3=1 



1 

HI 



< A ( a + - ] . 



(110) 



(b) Asymptotic stability of the sum of N solitons. There exist cf , . . . , c^, with |ct — Cj\ < 
Aq (a + j^j, such that 



Vj, u(i, . + Pj(t)) — Q c + m if 2 u>ea£; as t —> +00, 



N 



Get 



0, p'M^cf as t-> +00. (112) 
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Recall that the Benjamin-Ono equation admits explicit multi-soliton solution. We denote 
by U]y(x;cj,yj) the explicit family of iV-soliton profiles, see e.g. \21\ formula (1.7) and 
Appendix A (see also references in [21J). We obtain the following corollary of the above 
Theorem and the continuous dependence of the solution in H2 . 

Let N > 1, < c? < . . . < c° N and set 

d N (u) = M{\\u - U N (.;Cj,yj)\\ H i, yj G R}. 
Corollary 1 (Asymptotic stability in H 2 of multi-solitons) . 

For all 5 > 0, there exists a > such that if d^(uo) < a then for all t € R, dpf(u(t)) < 5. 

Recall that a result of stability in H 1 of double solitons for the BO equation was proved 
by variational methods in [22j . See also [21] for stability related results. 



5.1 Sketch of the stability argument |29] 

For the reader's convenience, we now sketch the proof of the stability argument for one soliton 
(see statement in the Introduction). Let u(t) be an Hz solution of ([1]) such that u(0) is close 
to Q in Hz. Let c + > be close to 1 such that f u 2 (0) = c + f Q 2 . We use Lemma [T] on 
u(t) around Q c + so that rj(t,x) = u(t,x + p(t)) — Q c +(x) satisfies J r)(t)Q' c+ = and by I? 
conservation f rj(t)Q c + = f rj 2 (t). 
We define the functional 



G(u{t)) = E(u(t)) +c + J u\t). (113) 
Observing that Q(u(t)) = Q(u(0)) and so expanding u(t) in Q(u(t)), we obtain 

(c c+v (t),v(t)) + o( v 3 (t)) = (c c+ n(o), v m + o(v 3 m 

where C c +rj = —TLrj x + c + rj — Q c +rj. By the positivity property of C c +, (property (|142p of C 
and a scaling argument), we then obtain 

Ht)\\ Hh <cHo)\\ Hh . 

Note that If i]Q c + \ < C\\r]\\ 2 L 2 replaces the orthogonality condition f r]Q c + = 0. 

5.2 Sketch of the proof of Theorem [4] 

The proof is the same as the proof of Theorem 1 in [20J . 

First, we recall four lemmas (corresponding to Lemmas 1-4 in [20]) which are the main 
tools in proving Theorem 0J 

Lemma 10 (Decomposition of the solution). There exist L\,ai, K\ > such that the follow- 
ing is true. If for L > L\, < a. < ati, to > 0, 



sup ( inf I u(t, .) — y^Qo(. - Hj) ! <q 
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then there exist unique C 1 functions Cj : [0, to] — * (0, +00), pj : [0, to] — * such that 

N 

r](t,x) = u(t,x) — R(t,x) where R(t,x) = ^^Rj(t,x), Rj(t,x) = Q c .^{x ; — Pj(t)), 

j'=i 

satisfies the following orthogonality conditions 

Vj,Vt G [0,t ], / = / (Rj(t)) x ri(t) = 0. 



Moreover, there exists C > suc/i t/iat Vt G [0, toL 

A' 



3=1 v / 

Remark 5. /n t/ie rest 0/ t/ie argument, the modulation in the scaling parameter for all 
time (i.e. the introduction of Cj(t)) is not necessary. Indeed, modulation at t = would be 
sufficient since we deal with the subcritical case. However, we have preferred to introduce this 
modulation to match the strategy of [20]. 



Expanding u(t) in the energy conservation and using E(Q C ) = c 2 E(Q), we have 
Lemma 11. There exists C > such that in the context of Lemma \l(A Vt G [0, to], 

N 



E(Q) £ [cf (t)) - c 2 (0)} +\j ( Vx H V - R V 2 )(t) 



H <"( 11*7(0)11^ + 1117(^4+ I 



3=1 

We consider ip defined as in (jlGh . with A large enough, and we set 

Vje{2,...,N}, lj(t) = J u 2 (t,xMx- mj (t))dx, m j (t) = ^{p j - 1 (t) + p j (t)). 

Then, proceeding as in the proof of Proposition [IJ we obtain the following. 
Lemma 12. There exists C > such that in the context of Lemma 1 1 (A 

VjG{2,...,iV}, Vte[0,t ], Tj^-TjiO) < j. 

Finally, setting c(t,x) = c\(t) + Y^j=2( c j(f) — Cj-\(t))<f{x ~~ m j{t))i an d proceeding 
the proof of Propositions [3] and [U we have 

Lemma 13. There exists A > such that in the context of Lemma 1 1 (A 

VtG[0,t ], G N (t):= j7 ]x nrj + c(t,x)r l 2 -Q7 1 2 >X\\r ! (t)\\ 



2 

1 • 



Recall that the introduction of the functional £/jv(t) for the problem of stability of multi- 
soliton solutions is justified as follows. For the stability of one soliton, the suitable functional 
is G(u{t)) defined in (|113p . For the case of N solitons, we introduce the functional {?jv(t) which 
is approximately E(u(t)) + Cj(0) / v?(t) around the soliton Q Cj . Then, we observe (using the 



35 



energy conservation and Lemma [TTj) that this quantity is almost decreasing. This is sufficient 
to conclude the stability argument for several solitons. We now sketch the argument. We 
refer to [20J, Section 3 for more details in the stability proof. 

Sketch of the proof of the stability. Let 

N 



VA (L,a) = \u £ H2- inf 



u 



3=1 



1 



i -In ! a+- 



Part (a) of Theorem0]is a consequence of the following proposition and continuity arguments. 
Proposition 6. There exist Aq > 0, Lq > and ao > such that, for all uq £ H2 , if 



N 



UQ 



3=1 



< a, 



where L > Lq, < a < ao, y® — + L, and if for t* > 0, 

Vte[0,T*], u(t)eV Ao (L,a), 
where u(t) is the solution of i^j, then 

Vt€[0,r*], u(t)eVi Ao (L,a). 

The proof of Proposition [6] is exactly the same as the proof of Proposition 1 in [20], using 
Lemmas I10H131 In particular, we first prove 

N / 1\ 

v* g [o,n E i c iW - c ^°)i ^ c ^ w^Kh + M °Kh + 1 ' (114) 
3=1 v 7 



and then 



h(t)|| 2 ff i <C 2 ( ||^(0)||^ +I 



(115) 



where C\, C2 > are independent of Aq, and we then conclude by using the decomposition 
of u(t) is terms of rj(t) and R(t). 

Note that in proving (|114|) . we make use of the following algebraic fact: 

E(Q c ) = c 2 E(Q), JqI = cJq 2 , E(Q) = -±Jq 2 . 

The last formula is easily obtained from the equation of Q multiplying by Q and then by xQ' 
and using f (7iQ')(xQ') = 0. This allows us to prove the following estimate 



N 



N 



N 



E(Q)J2(c j (t)-c j (Q)) + J Q 2 Y,{cM^3it)-^))) <C^| Ci (t)- Cj (0)| 2 . 

3=1 3=1 3=1 

which is the analogue of (44) in |20j. 

The proof of part (b) of Theorem H] is exactly the same as in [20], Section 4, using 
Theorem [21 the monotonicity arguments (Proposition [Vj and Theorem [5j It follows closely 
the proof of Theorem [T] in the present paper. 

The proof of Corollary [T] is omitted since it is the same as the proof of Corollary 1 in 
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6 Weak convergence and well-posedness results 

6.1 Weak convergence 

Theorem 5 (Weak continuity of the BO flow map). Let (u n ) be a sequence of global 
solutions of equation ([I]). Assume that u n (0) — uq in H2 weak and let u(t) be the solution 
°f © corresponding to u(0) = uq. Then, for all t G M, u n (t) — 1 u(t) in Hz weak. 

Proof of Theorem^ Let «o,n = Unify- It is sufficient to prove the result for T G [0, 1]. 

Step 1. H 2 case. Here, we assume ito, n — 1 uq in H 2 . Let w n = u n — u. The equation for w n is 

f W nt + H{w n ) xx + U n W nx + U x W n = 
|w n (0)=VVi,, = U ,n ~ U . 

Fix t = T, g £ Cq°(R). For a function 2 to be determined, we consider the solution v(t) of 

J V t + WUxx + (««)x - U X V = 0, 

1 v(T)=g. 



Then 



w n (T,x)g(x)dx - J ip n (x)v(0,x)dx = J j ' w nt (t)v(t) + J J w n (t)v t = 1 + 11. 
1 = J J w n (Hv xx + (u n v) x - u x v), 11 = -J J w n (Hv xx + (uv) x - u x v) 



so that 



J w n (T,x)g(x)dx - J ip n (x)v(0,x)dx = J J w n ((u n - u)v) x = - j j w nx (u n - u)v. 

We can assume, after passing to a subsequence, that u n — u — > in Lf oc (R x [0, T]). Next, we 
will show that given e > 0, there exists R > such that 



T 



w nx (u n - u)v 

J\x\>R 



< e, uniformly in n. 



In fact, since HuwIIl 00 < C, sup t \\v\\ L 2 < C and sup t \\u n — u\\ L 2 < C, the claim is clear. 
But then, I + 11 — > as n — > +00. We only needed sup 4 ||f \\ L 2 < C, which needs u x G 
G L°°, which are both clear. (We use the energy method to bound v.) 

Step 2. General case. Fix N large, define Uq n such that Uj^ n (£) = ^[-N,N}{0^o,n{C)^ where 
1/ is the characteristic function of /. Note that 

r ^ 

\K n -no,n\\h = J mN KM 2 < Jf\M\% h < W , 
so that Uq h — > uo, n i n L 2 as N — > +00, uniformly in n. 
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Fix g £ C§°, T £ R, e > 0. The proof of the L 2 continuity of the flow map (see [11] ) 
shows that 

sup \\u N (t) - u(t)\\ L 2 < C\\uq - u \\ L 2, sup \\u%(t) - U n (t)\\ L 2 < C\\llQ n - U , n \\ L 2 
te[o,i] te[o,i] 

for some universal constant C > 0. We fix iV such that 
( Un {T) - u(T))g - j(u^{T)-u N (T))g 
But, for fixed N, we let n — > +oo, and use step 1 and the proof is concluded. 



< — , uniformly in n. 



6.2 Well-posedness result for the nonlinear BO equation with potential 

In this subsection, for < b < bo, bo small, we consider the IVP 

f v t = {-Hv x ) x - {Q{x-t)v) x - ±{v 2 ) x = on [-T, T] x R, 
v(t = 0, x) = vq(x) on R. 

The well-posedness of the Cauchy problem in 1? for this equation is clear from [11] since 
u(t, x) = Q(x—t) + bv(t, x) satisfies the BO equation. Our main concern is a result of equicon- 
tinuity of the map t t— > v(t) in I? with respect to b. To establish such a result we follow the 
strategy of [11] on equation (|117|) . using the special form of Q and keeping track of the 
dependency in b. 

Theorem 6. (a) Assume vo £ H°° . Then, there exists T = T{Q) > and a unique solution 
v = S fe °>o) of (HUD m [— T, T], v £ C([—T, T},H°°). 

(b) There exists a constant C , independent of b such that 

sup \\v{t)\\ H 2 < C\\v \\ H 2. (118) 

te[-T,T] 

(c) The mapping extends uniquely to a continuous mapping S® : I? — > C([— T, T], L 2 ), 

and there exists C , independent of b such that 

sup \\v(t)\\ L 2 <C\\v \\ L 2. (119) 

te[-T,T] 

Moreover, given Vq £ 1? , ||uo||l 2 — 2, for any e > 0, there exits 5 = 5(vq,e) > (5 
independent of b) such that for any v\ £ L 2 , \\v\\\ L 2 < 2, 

\\v - < 5 => sup ||S?(vo)(t) - SfeVXi)^ < e. (120) 

te[-T,T] 

Finally, there exists 5 = 5(vq,e) > (independent ofb) such that for any t,t' £ [— T, T], 
|* - i'| < 8 => ||S?(^)(t) - S 6 > )(i')IU3 < £• (121) 
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Reduction of the proof. For 0<A<1, consider v\(t, x) = Xv (A 2 i, Ax). Then v\ solves 

j (vx)t = (-H(v x ) x ) x - (XQ(Xx-X 2 t)v x ) x - \{v\) x = on [-T, T] x R, 
[ « A (t = 0,a?) = vo t \(x) on M, w ,a(^) = Xvq(Xx). 

Define 

Q\{t,x) = XQ(Xx-X 2 t). 
Then the proof of Theorem [H] reduces to prove that for the following (IVP) 

f u* = (-W« x )a " (Qa(*, " |(^ 2 )x = on [-1, 1] x R, 

i ,i (123) 

[ u(f = 0, x) = Vq[x) onl, II^oIIl 2 < A 2 , 



we have 

Theorem 7. There exists bo, A > small enough such that if < b < bo, the following hold 

(a) Assume vo £ H°° . Then, there exists a unique solution v = S£°(vo) of f|123|) in [—1,1], 

veC([-l,l),H°°). 

(b) There exists a constant C , independent of b such that 

sup \\v{t)\\ H 2 < C\\v \\ H 2. (124) 

te[-i,i] 

(c) T/ie mapping extends uniquely to a continuous mapping S® : -L 2 — > C([— 1, 1], L 2 ), 
and i/iere exists C, independent of b such that 

sup ||«(t)|| L 2 < C||^olU2. (125) 
te[-i,i] 

Moreover, given vo £ I? , ||uo||l 2 — A 2 , for any e > 0, i/iere exite 5 = <5(vo,e) > (5 
independent of b) such that for any V\ E L 2 , \v\\ip. < X2 , 

\\v - ^i||l 2 < 5 => sup || S 6 > )(t) - S 6 ( W i)(t)|| i2 < e. (126) 

te[-i,i] 

Finally, there exists 5 = 5(vo,e) > (independent ofb) such that for any t,t' £ [—1, 1], 

\t - t'\ < 8 ||S?(«o)(t) - S?fo)(f JH^ < e. (127) 

The proof of Theorem [7] is based on the following three propositions. 

Proposition 7. Assume vq € H°°, then there exists T = T(\\vq\\ H 2) and a unique solution v 
of (fT23l) in (-T, T). Also, for any a>2, 

sup \\u(t)\\ H <? < C(o-,\\v \\a, sup \\v(t)\\ H2 ). (128) 
te(-T,T) te(-T,T) 

In particular, the constant C is independent ofb, (0 < b < bo) and A < 1. 
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Proposition [7J is a consequence of the energy method, taking into account that 

\\dxQ\\\Li((-l,l),L%>) < C. 

Proposition 8. For A small enough, we have that i/T G (0, 1], H^oIIl 2 — ^ > v = S°°(vq) G 
C({—T,T),H°°) is a solution, then 

sup |Kt)||#2 < C||u ||h2, 
te[-T,T] 

where C is independent ofb (0 < b < bo). 



Proposition 9. For v G H°° , N G [l,oo), \\vq\\ L 2 < A*, let = 1[- N ,n](£)vo(£), 

,N 




€H°°. Then, 



sup ||S 6 °>o)(*) - S?(vg)(t)\\v < C\\v - v$\\ L 2, sup \\SZ°(vo)(t)\\ L 2 < C\\v \\ L 2. 
te(-i,l) te(-i,i) 

where C is independent ofb (0 < b < bo). 

Proof of Theorem^from Propositions^^ and\Q First, note that Propositions [7] and [5] clearly 
give (a) and (b) in Theorem [7J Let us turn to the proof of (c): it suffices to show first that if 
t>o,n G H°°, lim n _ > _)_ 0O Vq iTI = vo in L 2 , the sequence S%°(vo tn ) is Cauchy in C([— 1, 1], 1?). Let 
e > be given. We want to show that there exists M £ (independent of b) such that 

m,n>M £ => sup H^Kr*)^) - S^(v , m )(t)\\ L 2 < e. 
te[-i,i] 



Observe that 



|«0,n - ^aJU 2 < IN ~ Vo \\ L 2 + \\v - vo^Wi?. 



Hence, we can fix N = N(e,vq) large and M\ large such that [|«o,n ~~ ^otJIl 2 — 4Z7> f° r 
n > Mg, where C is the constant in Proposition [9] (||«o,n||L 2 < A 2 ). Then, by Proposition [9j 
for n > Ml, sup tehljl] ||£g°K„)(t) - S 6 °° (<«)(*) I U 2 < |. 

It remains to estimate sup {e t_ ^jj \\Sb°{vo,n)(t) ~ ^^(^OmX^IU 2 - But energy estimates for 
the difference equation give 

sup \\S?{v»J{t)-S?(vNj(t)\\» 
te[-i,i] 

< ll<n - <JU 2 exp (<? £ R(Sr(<n)(*)lk~ + C||^(Sr(«o!m)(*)IU S 

< \\vo, n - «0,mlU 2ex P C SU P \\St°( v 0,n( t )\\H*++ C SU P ll^6°( u o!m(*)llff 2 

V *e(-i,i) te(-i,i) 



< ||^0,n - Vo, m || L 2 exp (CA^ ||-U0,n||L 2 + CN ||-U0,n||L 2 ) < || V ,n ~ W ,m || L 2 SXp(CN ) < -, 

for n, m large (we have used the estimate of Proposition Also, by Proposition O we have 
sup tg (_ 1):1 ) \\S£° (vo !n )(t)\\ L 2 < C. Thus, we obtain the unique extension S® and (|125p holds. 
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To check (|126|) . fix vq, ||uq||l2 < Aa, let e > be given. With C as in Proposition [H find 
N (N = N(e,vq)) so large that \\vq — Vq \\ L 2 < Now find 5± = <5i(e, vq) so small that if 



\\ v o — v\\\i2 < 81, then \\v\ — v^\\ L 2 < We have 

snp \\Sl{v Q ){t) - Sl{ Vl ){t)\\ L 2 < snp \\S° b (v )(t) - S° b (v£)(t)\\ L 2 
te[-i,i] *e[-i,l] 

+ sup \\S b ( Vl )(t)-S° b (v?)(t)\\ L 2+ sup \\${v?)(t)-S${vZ)(t)\\v>- 
te[-i,i] te[-i,i] 

By Proposition [9l the first two terms are smaller than |, For the last one, we again use the 
energy estimate and get, as before 

sup \\S° b (v?)(t) - S%(vg)(t)\\ L 2 < C\\ Vl - v \\ L 2 exp(CN 2 ), 
te[-i,l] 

using Propositions [8] and [9] and (|126p follows. 

For (|127p . first find N = N(e,vq) so large that \\vq — Vq\\ L 2 < where C is as in 
Proposition O Then, sup^rj ri \\S b {va){t) — S b (vq )(t)\\i? < | and we are reduced to showing, 

2" 

Let f(t) = \\S b (vQ)(t)\\ 2 L 2. The energy method, combined with Proposition [8] shows that 



for N fixed that if \t - t'\ < 5, then \\S$(vg)(t) - S°(vtf)(t')\\ L 2 < 
Let f(t) = \\S b (vQ)(t)\\ 2 L 2. The energy method, combined witl 

< /(O)exp(CA^ 2 ). But then, for \t - t'\ < Si, \f(t) - f(t')\ < §. But 

\\S° b (vg)(t) - S° b (v»)(t')\\l 2 = f(t) + f(t') - 2 J S b (v£)(t).S° b (v£)(t')dx 
= f(t') - fit) + 2 J S° b (vg)(t)[S° b (v»)(t) - S° b (v»)(t')}dx. 
Let v N (t) = S b (vQ)(t). The second term equals 

v N (t) J*d s v N (s)dsdx = lf ti f VN(t)[-Hd 2 x v N (s) - (Q x v N ) x - ^((v N ) 2 ) x (s)]dxds. 

But by Proposition [8l sup tg j„ 1):L ] \\v (t)\\jj2 < CH^H/fa < CN 2 . Thus, the second term is 
controlled by C\t — t'\N, and the proof is complete, provided we prove Propositions [8] and 

Proof of Propositions and\^ Step 1. Assume vq £ H°°, \\vq\\jj2 < M and < T < 2, 
v = S£°(t) exists in [— T, T]. Then, there exist Ao = Ao(M), bo = b$(M) such that for 
< A < Ao, < b < bo, we have 

sup \\v(t)\\ H 2 <2\\v \\ H 2. (129) 

te[-T,T] 

Proof of (fT29D . Note that \\d^QX\\ L oo < C k X k+1 . Let f(t) = \\v(t)\\ 2 H2 . The standard energy 
method shows that 

\f'(t)\ <C(\ 2 + b \\d x v(t)\\ L °o)f(t) < (X 2 + b Q (f(t)^)f(t). 

Integrating the ODE gives the result. 

As a corollary, we obtain under the circumstances of Step 1 that v exists in (—1, 1) and 



sup ||v(t)|| H 2 < 2||u || ff 2. 

te[-2,2] 
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Step 2. From now on, we will follow closely [UJ. Some of the ideas used before were 
developed in a forthcoming paper [8]. We have now reduced everything to a priori estimates. 
We will change notation slightly to match [11] . We then study the problem 



f u t + Hu xx + {Q x u) x + b{\u 2 ) x = (t, x) G (-1, 1) x M, 

{ i (130) 

[ u\ t=0 = <f>, \\<i>\\ L 2 < A2, 

We use the notation Pi ow , P±high as in [TT]: 

Pi ow defined by the Fourier multiplier £ — ► l[_2io,2 10 ](£)j 
-P±high defined by the Fourier multiplier £ — > l[ 2 io i00 )(±£); 
P± defined by the Fourier multiplier £ — > lr 0iOO )(±£)- 

Let 0o = P\ow4> G H°°, real-valued, ||<?!>o||ff 2 < 2 20 = M. We choose Aq, &o as in Step 1 and its 
corollary, so that Proposition [7] and these results gives, with n 1} = 5 6 °°(0 o )(t) that 

sup iiar^^llLi M^. ^>°- 

te[-2,2] 

Let u = u — . The equation for u is 



Ut + Wiixx + (Qam)z + K u u )x + b{\u 2 ) x = 0, 

U\t=0 = P+high^ + P- 



fl31] 



Let now Uo(i,ic) = Q\{t,x) + 6u Then sup te [_ 2j2 ] ||(9 t CT1 3^ 2 uo||L2 < C ai) a 2 (\£ + 6q). 

We now want to construct Uq similarly to [TT], with the following properties d x Uo(t,x) = 

i 

±u (t,x), f7 (0,0) = and sup tg[ _ 2i2] \\dpd^ 2 U {t, < Co- ljff2 (A^ + b ) where cti,ct 2 > 0, 
(ffi, ff2 )^(0,0). 

Since Q\(t,x) = 1+ ( A ^ A 2 f )H ' we se * C^ 37 ) = 2arctan(Ax — A 2 i). We next recall the 
equation UQ^(i, x) verifies: 

^(i^ 1 )) + hs 2 (|4 1) ) + a,(Q4« 1) ) + 6a,((|4 1) ) 2 ) = o. 

We then define first £/q (£, 0) by the formula 

ffl/^ftO) +H^(|4 1) (t,0)) + Q A (i,0)|4 1) (* ) 0) + K|4 1) (* ) 0)) 2 = 0, ^ (1) (0,0) = 0. 

We then construct f/g (t, x ) by Sct/g (£, a;) = iiig (i, x). Notice that C/q 1 ^ is real-valued. 
Using the equation for , we have 

d x (dtU^ + HdlU^ + Q x d x U^ + b(d x U { v ] ?) =0 on R x [-2, 2]. 
But then, on R x [—2, 2], we have 

d t U^(t,x) + ^4 1} (t,x) + Q x (t,x)^\t,x) + ^(^(i,*)) 2 . 
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We then define U {t,x) = bU^'{t,x) + U^'{t,x), and all our properties hold. We recall that 

(u t + Hu xx + (u u) x + b(\u 2 ) x = 0, 

\ u\ t=0 = P+hi g \i4> + P-\ng\i4>- 

We now proceed as in Section 2 of [11]. We define P+highU = e~ tU °w + , P-highU = e tUo W- and 
PiowU = wq. Applying P + hi g h, P-Ugh, Plow to the above equation and using the definitions 
above, we have (we write the equation for w + , the one for w- is analoguous, the one for wo 
will be written later). Following the argument in [TT], one gets: 

(w+) t + H8 2 x w + = ~e lUo P +high d x ((e- lUo w + + e iU °w. + w ) 2 ) 

- e- lUo P +high d x (u (e lUo w. + wq)) + e iUo (P_ high + P low )(e iU °u d x w + ) + 2iP_d>+ 

- e iUo P +high (d x (u e- lUo w + )) + iw + [(U ) t - i(U ) xx - ((U ) x ) 2 ] , 

and so after more calculations, we get 

{w+) t + Hd 2 x w + = ~e iUo P +high d x ((e- iUo w + + e lU °w. + ^ ) 2 ) 

- e- lUo P +high [d x (u P_ high (e iUo w_) + u P low (w ))] 
+ e iUo (P_ high + P low ) [d x (u P +hig h(e- lUo w + ))} 

+ 2iP^ [d 2 x (e iUO P +high (e- iUo w+))] + iw + [(U ) t + Hd 2 x ll + (d x U ) 2 + iP+d x U ] , 

We recall d x uf ] = \Q X and that Q\ solves d t Q\ + Hd 2 Q\ + d x {\Q\) = or d t U^ + 

Hd 2 x U { 2) = -\Q\ and cW (1) + Hd 2 U^ = -QxdU^ - b(d x U^) 2 . Hence, d t U + Hd 2 U + 
{d x Uo) 2 = and we get dw + + 7iw + = E + (w+,w-, wo), where E + is defined as in [TT], p. 
756, except that the first term is multiplied now by b. The equation for w- and E- is similar. 
The equation for wq writes 

d t {P\owu) + H8 2 x P low u + Pi ow d x {u u) + %Pi ow d x ((u) 2 ) = 0, 

i 

where u = e~ lUo w+ + e lUo w~ + Wq. Next, we note that, with 5 = (Aq + bo), the estimates 
(10.19) in [TT] hold. Because of this and the form of E + , E_, Eo, just as in Proposition 10.5 
in [TT], we have 

\\ip(t)(E(w) - E(w'))||iv- < Cb \\w - w'||ir<T(||w|| F o + ||w'|| F o) 

+ C6o||w — w'|| F o(||w||i?<T + ||w'[|f") + C<5||w — w'll^a. 

Note that w = (w + , , wo) and E(w) = (E + {w + , W-, Wo), EL (u>+, W-, Wo), Eo(w + , W-,wo)) 
as in [llj . The rest of the notation (the norm ||.||jv ct arm the function ip) is also taken from 
|llj . We have a slightly different formula for Eo, but (10.27) in [TT] gives the estimate in our 
case also. 

We then construct a solution to 

v t + Hw xx = E(v) on Mx [-§,§], 
v(0) = $, 
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as in (10.32)-(10.37) in [TT]- Note that (10.35) and - v($')IIfo([-|,|]) < C||* - $'||^ 

hold here too. Next, with $ = (0 + ,0_,0 o ) = (e^ ^ P +high <p, e~ iU °^^ P^^, 0), $ G # 20 , 
by Lemma 10.1 in [11] . 

We next show (w+, t«o) = v(3>) in 1R x [—1,1]. This is as in [11]. Proposition [HI 
and the second estimate in Proposition [9] now follow from the bounds on v(<I>) i.e. (10.35). 
For Proposition [U note that for N large, Uq corresponding to (p and to 4>n defined by cp^ = 
l[-jV,iVl(£)$(£) are the same. We then have u(t, x) = u^+u—Uq = u^+u = Uq +e~ iUo w++ 
e lU °W- + wo and similarly, u N (t,x) = + u N — = + e~ tU °w+ + e tU °w^ + Wq . 
Hence, 

sup \\u(t , .) — u N (t , .)\\ L 2 < sup \\w(t) — W N (t)\\ L 2 
te[-i,i] te[-i,i] 

<c\m)[ W -w N }\\ F o<cu-(i> N \\^ 

as desired, giving Proposition [9l 



A Appendix 

First, we recall the following inequalities: 
Lemma 14. 

V2<p<+oo, \\f\\ L p<C p \\f\\l 2 \\D^f\\^f, (133) 
\\D(fg)-gDf\\ L 2 < C\\f\\ L 4Dg\\ L A, (134) 
||M(/<7) - gDs/H^ < C\\f\\ L 4D^g\\ L 4. (135) 

Recall that (|133j) is the Gagliardo-Nirenberg inequality, which follows from complex in- 
terpolation and Sobolev embedding. 

Estimate (|134p is due to Calderon [6], see also Coifman and Meyer [7], formula (1.1). 

Estimate (|135j) is a consequence of Theorem A. 8 in |12| for functions depending only on 
x, with the following choice of parameters: a = |, «i = 0, «2 = | , V = 2, pi = P2 = 4. 

A.l Proof of p3D 

We claim that for a function u(aj) fixed in ff 2 (lR) 

/ fy(i7 2 )$ = -2 // |vc/| 2 $ + / c/ 2 a^ (136) 

Jy=Q J JRl_ Jy=0 

where U(x,y) is the harmonic extension of u(x) in Mj_ and <&(x,y) is defined in (|22|) , 
First, we observe that 

C/,VJ7 e L°°(R 2 ) and sup \U(x, y)\ -> as |x| -» +oo. (137) 

j/>0 

Indeed, from [21], Theorem 1, p. 62, we have sup y>0 \U (x , y)\ < Mu(x), where Mu(x) is 
the maximal function of u (see [23] Chapter 1), and similarly, sup J/>0 \ d x ll(x,y)\ < Mu x (x), 
sup y>0 \dyU(x,y)\ < M(Ttu x )(x). Moreover, from [23] Theorem 1, p. 5, since u,u x ,Ttu x £ 
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H 1 C L°°, we obtain Mu, Mu x , M(Hu x ) G L°° . Finally, since u G F 1 , we have |u(a;)| — > 
as |x| — > +00, which implies by the definition of the maximal function (see |24j . page 4) that 
Mii(x) — > as \x\ — > +00. Thus (|137|) is proved. 

Let R > 0. We use the Green formula on ZJ^ = {(x,y) G | x 2 + y 2 < i? 2 }. Let 
r+ = {(x,y) G R 2 + I x 2 + y 2 = i? 2 } and J fl = (x,0) | x G Then: 

f d n (U 2 )$ = - [[ (AU 2 )$+ If U 2 A$ + [ U 2 d n <P 
Jr iui R JJd+ JJd+ Jr+ui R 

= -2 ff \VU\ 2 $+ [ U 2 d n <S>, 
J Jd+ Jr+ui R 

where d n denotes the inward normal derivative since A$ = and AU 2 = 2\VU\ 2 . Therefore, 
we only have to prove the following convergence results: 



R 



lim f d n (U 2 )<5> = 0, lim / d n (U 2 )<5> = [ d y (U 2 )<5> = 2 [ (Hu x )u<p' (139) 
->+°°Jr+ R-^+°°Ji R J y =o J 



R 

lim / U 2 d n $ = 0, lim f U 2 d n <$> = [ U 2 d y <$> = I ' u 2 (Hip"). (140) 

R^+oo./ r + R-++ooJ Ir J y=0 J 



R 



The limits limft_> +00 J R R (TCu x )u(f' = J(TCu x )uip' and lirnR_ > _t_ CX) J_ R u 2 (Hp") = J u 2 (Tt(p") 
are clear since u G H . Next, from the expression of $(x,y) in (|22p . we have $(x,y) < 
C(l + y)R~ 2 on r^. Therefore, from (|137|) . (dcr denotes the unit lenght element on T^) 

[ + \d n (U 2 )<S>\ < f + \VU\\U\(l + y)da 

<tL [ (l + y)da + C sup \U(x,y)\ 

Jr+n{\x\<^R} \ x \>VR,y>0 

<-% + C sup \U(x,y)\ 

V-TL \x\>^R,y>0 

and so (|139|) is proved. Estimate (|140p is proved similarly and is easier since d y & has more 
decay than $. 

A. 2 Proof of (E 



In the proof of (j38l) . the time t is fixed, so we set yo = xo + X(to — t). 

Let x ■ K -> R be a C 00 function such that x = 1 on [0, 1], x = on (-00, -1] n [2, +00) 
and x < 1 on R. Let Xn{x) = x( x ~ n )- Then, by the Gagliardo Nirenberg inequality (|133p . 
we obtain 

f \ri\ 3 if'(x - y ) < [ + M V(* - y ) < £ ( f \v\ 3 xl) sup <f? 



1 



< E f / I^^Wn)! 2 ) 2 ( / (VXn) 2 ) SUp 

~<ri V ■/ / \J J [n-y ,n+l-y ] 



lit 



By Lemma [TH and ()13p . we get 

P*faXn)IU» < C\\(D* v )x n \\v + C\\ri\\ L 4Dh Xn \\ Li < C|M|^i < Ca - 
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Thus, 



/ M V(z - yo) < C"o ^ ( / (TOn) 2 ) sup ip' < Ca / rfcp'(x - y ) 



-l/o,n+l-yo] 

by the properties of % and the following elementary remark: 

My e R, sup cp' < C inf <p'. (141) 

[y,y+4] [y,y+4] 

Note that the constant C is independent of A, for j4 > 1. 
A. 3 Properties of the operator C 

We recall from [27]-[29] and [3] the following properties of C (recall Lr\ = —TLrj x + rj — Qrj). 
Lemma 15. The operator C is self-adjoint on L 2 and satisfies the following properties. 

(i) The operator C has exactly one negative eigenvalue \q of multiplicity 1 with corresponding 

eigenfunction f$, which can be chosen so that /o > 0. 

(ii) Ker£ = span{Q'}. 

(iii) There exists A > such that, for all z £ , 

(z, Q) = (z, Q') = => (£z,z)> X(z,z). (142) 

Remark 6. Recall from Bennett et al. ([3], Appendix B) that the spectrum of C is completely 
understood. Indeed, the operator £ has exactly four eigenvalues, Ao = — i(l + \/5) ; 0, ^(— 1 + 
1 and a continuous spectrum [l,+oo). 

Now, we sketch a proof of Lemma [15] using general arguments from [27]— 129| . 

Sketch of proof. One easily checks that CQ' = (differentiate the equation of Q(x + Xq) 
with respect to xq and take xq = 0), and that Cfo = — Ao/o, where fo = Q + |(1 + V5)Q 2 
(by (|78p ). Moreover, the proof of (i) follows from the variational characterization of Q, 
see Proposition 4.2 of [29]. Recall that 4- f Q 2 C = J Q 2 > (subcriticality) implies that 
inf{ (£/,/); (f,Q) = 0, H/H^a = 1} = (see proof of Proposition 5.1 in [29] and Proposition 
3.1 in [28]). 

Now, we give a new proof for (ii). Let / G L 2 be such that Cf = 0. First, we remark 
that / € H s , for all s > 0. Moreover, by similar estimates as in [I], we have < j^z- 

Integrating Cf = on 1, we obtain j (f — fQ) = 0. But, we also have (/, Q) = — (/, CS) = 
-(Cf,S) = (see l|75|>). Thus, / / = and we can define g(x) = f*^ f(s)ds G L 2 , which 
satisfies C(g') = 0. Let now g = g — aQ be such that (g, Q) = and C(g') = 0. From ([56]) 
and ([79]) . we obtain J \Dzg\ 2 + (Cg,g) < 0. But, since (g, Q) = 0, we have (Cg,g) > 0. Thus, 
/ \D2g\ 2 = and g = 0, so that <? = aQ and / = aQ' . 

Finally, we sketch the proof of (iii), which follows from the arguments of the proof of 
Proposition 2.9 in [27] (see also Section 6, example 4 in [29]). By contradiction, assuming 
that 

inf{ (£/,/); (/,Q) = (/,g')=0, ||/|| L 2 = 1} = 0, 
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and using compactness arguments as in Proposition 2.9 in [27], we obtain the existence of 
/ G H?, A,/?, 7 G R (Lagrange multipliers) such that 

(£/, /) = 0, (£ - A)/ = /3Q + 7 Q', (/, Q) = (/, Q') = 0, ||/|| L2 = 1. 

But, taking the scalar product by /, we find A = 0. Then, taking the scalar product by Q' , 
we find 7 = 0. Taking the scalar product with S (see ([78]) ). using (S,Q) = \(Q,Q) and 
C{S) = —Q, we find = 0, so that Cf = and (f,Q') = 0. This implies / = by (ii), a 
contradiction. 
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